1 Fourier Series

Periodic Function A function is called “periodic” function of period p if f(x+np) = f(x), VX, 3n >0, n: integer.
If both f and g are functions of period p, then af + bg is also a function of period p.

Fourier Series Periodic functions of period 2 can be represented in terms of trigonometric series as

f(x)=a, +i(an cosnx+b, sin nx) (1)

n=1
If the series converges, it is called “Fourier series” of f(x), where ag, an, bn are called “Fourier coefficients”.
ao, an, bn are given by the “Euler formulas”:

1 (= ] a,| 1¢r cosnx B
8= [ T00dx {b }— | (x){Sin nx}dx, n=12... @

n

Derivation of the Euler Formulas

Preliminary Orthogonality of trigonometric system [ Lnem
x T n=m “Kronecker Delta” : 9, = -
(1) I cosnxcosmxadx = =) T On=m
- 0 n#m
v 4 T 7T N=m
Proof _[ cosnxcosmxdx = 1'[ [cos(n+m)x+cos( —m)x]dx =
d 2% 0 nm
T ; 7T N=m
(2) j sin nxsin mxdx = { = 70,
& 0 nzm
V4 V4 T N=m
Proof _[ sin nxsin mxdx = EI [~ cos(n+m)x+cos(n —m)xdx = {
i 297 0 n#m

3) J'j;sin nxcosmxdx =0

Proof 'f_”ﬂsin nxcosmxdx = %fﬂ [sin(n+m)x +sin(n—m)xJdx=0

Now, integrating both sides of (1) from —zto 7z yields

[; f(x)dx = rﬁ[ag + ni‘(an cosnx + b, sin nx)}dx =27, > a, = %fﬂ f (x)dx

Likewise, multiplying k;Oth sides of (*) by cos nx and integrating both sides from —zto 7 yields

f f (x)cosnxdx = j_” {ao cosnx+ icosnx(am cosmx+ Dby, sin mx)}dx =7a,

m=1
Likewise, JW f (x)sin nxdx = r {ao sinnx+ Y _sinnx(a, cosmx +b, sin mx)}dx =7, . Odd function
o d m=1
flx)
EXsl X
-k if —m<x<0
f(x) = and  f(x + 2m) = f(x). - 0 T 2n %
if O0<x<m l PR |

Clearly, ao =0 and

: 0
51N nx

1 ki l 0 T
an = — | flx)cos nxdx=; { | (—k) cos nx dx + ‘ kcos mcdx] =%[—_{r
T—m T—m "0

] rm ] |'0
by, = P ‘ f(x)sinnx dx = F{ |
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. (™ . 1 cOs nX
{—k) sin nx dx + | k sin nx dx = k .
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4k /nxz n:odd

L 2k
b, = E[cos 0 — cos (—nm) — cos nr + cos 0] = E(l — COS nT). Z{O n:even

' ak( . 1. 1.
o f(X)=7 sin x+§sm3x+§sm5x+--- % 0Odd functions include only sine terms ]

NOTE The integral range does not need to be from —zto 7, it can be “arbitrary” as long as it covers an entire
period, e.g., 0 to 2z and vice versa.

2 Functions of any period p = 2L

Assume g(v) is a function of period 27, then g(v) =a, + Z(an cosnv+h, sin nv).
n=1

Now, let x = Lv/z (or v= zx/L) (called “change of scale”), then let

g(v)=9g(v+2nx) = g(%x+2n7zj = g[%[x+2nL]j ?[ Period 2L with respect to x ]

Let g(v) = f(x), then f(x+2nL) = f(x), i.e., periodic function of 2L.

nzx
N N7X - NaX )| . 1 L a)l 1. cos——
f(x)=a, + a cos— +b sin— hla = — ol = -
(x) =a, Z;,( 00S=—+b,sin == jWIt % =57 _Lf(x)dx,{bn}_ Lj_Lf(x) L dx,n=12,...[(3)
L

EX s2 flx) Even function
0 if —-2<x<-—1

k

fxy=¢k if —-1<x< 1 p=2L=4, L=2. T r
' |
2 -1

0 if 1<x< 2 0 1 2 x
ao=2k/4=k/2, ba=0

172 i 1 i % nar (-D2k/nz  n:odd,n=2¢+1
apy = — f(x)cos—dx=—f kcos—dxy =—sin— = .
2], 2 2J_, 2 nw 2 0 n:even
flx) = x + E(cos Ex — lcos S_Wx + lms S_Trx - 4. )4 Even functions include only cosine terms ]
2w 2 3 2 5 2
EX s3 EX s1 with period changed to 4 1 (’2
—k if —2<x<0 TQ —
flx) = p=2L =4, L=2 (B [—
ko if 0<x<2

1 3T 1 S

ﬁf)—ﬁ('3+—'—+—'—+ )
v=x/2 X i sl jx 3 sin 5 X qSl]l - X

k(. 1. 1
g(v) =—|sinv + —sin3v + —sin5v + -
aa 3 5

EX s4 half-wave rectifier

w(t)
0 if —L<t<0, 24T

aa
ut) = p=2L=" L=—
Esinwt if O<t<lL ® © N Yl

—mle 0 mhew t

@ rfw . E
ag = — Esinwtdt = —
27 Jy 11' Clearly, n=1 — a;=0 ]
wE T fw

T fw
@
an=—J Esinmrcosnmrdr=—JA [sin (1 + n) wt + sin (1 — n) wf] dt
™ h 2m Iy
WE{ cos (I + Mot cos (1 —n)mr]m’w E (—cos(l +n)ym + 1 —cos(l —m)m + 1
dy = — | — + )
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n=1
else

n:odd,a, =0;n:even,a, = E( 2 2 j:E 2
Cor

+ 2
1+n 1-n 7l1l-n
3 Even, Odd Functions & Cosine, Sine Series

EVEN: fo(-X)=fe(X), bn=0, | f (x) = a, +gan Cos% with |a, = % [ f.09dxa, =% [ fe(x)cos% dx,n=12,...

tlo E/2
,bn:QI/ E sin wtsin notdt =
T Y0 0

ODD: fo(-X)=-fo(X), an=0, fo(x)=2bnsin% with |b, = j f(x)sm ™ dx,n=12,..
=1

{Even, Odd} functions become Fourier {Cosine, Sine} series, respectlvely. Thus, for any function f,
F)=f.00+f,(0)=2a,+) a, cos% +> b, sin %
n=1 n=1

even odd
EX s4b Consider w(t) = u(t)-(E/2)sin at, one can see that w(t) = (E/2)sin at, p = 7/ w becomes an even function.

It follows that a, ——_[ —sm otdt; a, _ 2o %sin otcos2natdt,n=1,2,...

T 0

EX s5 Sawtooth wave flx)

fxy=x+m7 f —-w<x<m and f(x+21T}=f(x}A

-r 0oz x

Consider f(x) = f1(x) + f2(x) where f1(x) = x, p=2x (f1 is an odd function), f2(x) = 7, then
2 (7 . 2 [T 2 [—xcosnx| 1™ 2

by =—| filx)sinnxdx =—| xsinmxdx=—|———| +— cos nx dx | = ——cos N
™ o m 0 o n n n

1 1
flx)=m + E(Sinx — 55in2x 4+ —sin3x — + )
Condition for Existence and Convergence

Existence I_LL| f (x)|dx < oo (Absolutely integrable)

Convergence
DIRICHLET CONDITIONS
Theorem 2-1: Suppose that

(i)  f(x) is defined and single-valued except possibly at a finite number of
points in (=L, L)

(ii)  f(x) is periodic with period 2L
(iii) f(x) and f’(x) are piecewise continuous in (—L, L)
Then the series (1) with coefficients (2) or (3) converges to
(e} f(x) if = is a point of continuity
(z+0) 4 fz=0)

® 1
UNIFORM CONVERGENCE
Suppose that we have an infinite series 2, u.(x). We define the Rth partial sum of the
n=1

if = is a point of discontinuity

series to be the sum of the first R terms of the series, i.e.

Splx) = 2 %, (2) ()

Now by definition the infinite series is said to conwerge to f(z) in some interval if given
any positive number ¢, there exists for each 2 in the interval a positive number N such that

]SR(x)-f(x)] < ¢ whenever R> N (8)



The number N depends in general not only on ¢ but also on . We call f(x) the sum of
the series.

An important case occurs when N depends on e but not on the value of & in the interval.
In such case we say that the series converges uniformly or is uniformly convergent to f(x).

Theorem 2-2: 1If each term of an infinite series is continuous in an interval (a, b) and the
series is uniformly convergent to the sum f(x) in this interval, then

1. f(z) is also continuous in the interval
2. the series can be integrated term by term, i.e.

f:{i un[:r}} dx = “z £bm(x) dx | (9)

Theorem 2-3: 1If each term of an infinite series has a derivative.and the series of deriva-
tives is uniformly convergent, then the series can be differentiated term by

term, i.e. q = . d
r ,21 Un(z) = .;::1 7 Yrl®) (10)
Theorem 24 (Weiersirass M test): If there exists a set of constants M,, =1, 2

such that for all x in an interval |u(%)] = M., and if furthermore 2 M
converges, then Z un(®) converges uniformly in the interval. Inc1dently,

the series is also absolutely convergent, i.e. 2 |tn(x)| converges, under these
conditions.

1.t > . i
PARSEVAL’s IDENTITY states that EIL{f(x)}zdx:2a§+Z(a§+bn2) if an and b, are the Fourier
n=1

coefficients corresponding to f(x) and if f(x) satisfies the Dirichlet conditions. For the proof, consider

I_LL {f(x)[dx= I_LL {ao + Z(am COSnTﬂX +Db, sin nTﬂxﬂf (x)dx, then use Euler’s formula.
n=1

Gibbs Phenomenon

1.2 T
Original

The sinusoidal components of the signal that occur at

multiples of the fundamental frequency are called USNIPSNES el
harmonics. In  general, for well-behaved (continuous) SR A e
periodic signals, a sufficiently large number of harmonics can  °®

be used to approximate the signal reasonably well. For
periodic signals with discontinuities, however, such as a
periodic square wave, even a large number of harmonics will =~ o4
not be sufficient to reproduce the square wave exactly, "
resulting in the appearance of so-called “overshoot”. This i
effect is known as Gibbs phenomenon and it manifests itself — ofswss4 'cg';',: R
in the form of ripples of increasing frequency and closer to ’
the transitions of the square signal. An illustration of Gibbs ™% 15 1 o5 o o5 1 15 2

phenomenon is shown in the figure on the right. The figure shows the result of adding 5, 9 and 13 harmonics.
The overshoots tend to shift toward the discontinuities, but their magnitude do not change much.

Esinawt O<t<L

EX s4c (Half-wave rectifier) u(t) =
0 -L<t<0

p=2LL==
w

ut) = Esin ot + E{l—ECOSZwt - Ecos4a)t - icos6a)t —- }
2 /s 3 15 35

(%)

Ewcoswt O<t<L T
u'(t) = ,p=2L,L=—
-L<t<0 0]



Ew/2 n=1

7l 7wl @
a, =ﬂj Ewcosatdt =0;a, =9j Ewcoswt cosnotdt =
27 % P 0 else

:—J' Ea)coswtsmna)tdt——j S|n(n+1)cot+sm(n 1)a)t]

0 }

2 2 Eow 2n
“+ =

n+l n-1) =z n’-1

T N+ | (n-Do

0

_0°E {_ cos(n + et _ cos(n—Dat|"

n:odd,b, =0;n:even,b, = Ew(
2r

u'(t) = &coswt +2E—w[gsin 2ot +isin 4ot +£sin Bt —}
2 T 15 35

EX s6 Consider f(x) = x on the interval [-r,x] — Fourier series: f(x) =

o [or_ 1y i . 3 (33 2 . 2
From Parseval’s formula: Z{ﬁ} =1J‘ dex—>4zn—12=£(%—( 7) J:zia %:%
Vi =

n=1 n T 3 3 n=1 n
) . . 2 2
EX s7 Consider f(x)=x, g(X) = I_” f(u)du= I_”Udu =55
© 2 © _1\n
—> Fourier series: g(x) = Z cosnx = —% +>. 2(n3) cosnx
n=1 n=1

Integrating term by term of (*) in the previous example yields

n+l

fﬂf(u)du 2( )Mjsmnudu 22( 1) —cosnu| 22(

rr} . =n
4 Application of Fourier Series to ODE for steady-state solutlon

o 0 n 2
2%: Z( 12) cosnx—%

n

Consider ODE when the input (external force) becomes periodic, e.g., my"+cy'+ky = r(t), where r(t) is periodic.
The idea is to represent r(t) in terms of Fourier series, and then solve the ODE for each term For example,

wmo.
EXaleIe t+ ; if —m<t<0,
r(t) = r(t + 2) = r(f)

T
" [ — — 3
v+ 0.05y" + 25y = r(D) t+- i O0<i<m —mz
4 1 1
- - - r(f) = —|cost + —5cos3t + —cos5f+---
First Fourier series v 3 5
4
Next solve y" + 0.05y" + 25y = S —cosnt
= nemr
n" term becomes 5
425 — n® 0.2 2.2 2
- Ap=—F—— B, = R where Dy = (25 — n™)" + (0.05n)
yn = Ay cos nt + By sin nt, |With "Dy 7D

Alternative Approach Using the transfer function Q(s) = (s?+0.05s+25) 1. For sinusoidal steady state response,

2 2
25-n —JO.OSnZ;yn: Zl ReQ(jn)eJ‘m=4[25 n Cosnt+o.osnsinnt}
(25— n?J +(0.05n) n’z n’z| D D

Q(jn) = (— n? + j0.05n + 25)_l -

n n

5



The total solution is givenbyy =y1 +ys +ys + ...
5 Application to PDE

(a) Heat Equation

Consider the heat conduction along a heat-conducting homogeneous rod with temperature distribution u(x, t).
Assumptions for one dimensional (1-D) case:

1. homogeneous rod with uniform cross section A and constant density p [kg/m®], specific heat o [J/kg-K],
thermal conductivity x [W/m-K]

2. insulated laterally so heat flows only in x-direction only

3. temperature is constant at all points of a cross section

The heat equation in this case is given by

ou o2 o
o
with initial condition: u(x, 0) = f(x) (0 <x <L)...(2),

and boundary conditions : u(0, t) =0, u(L, t) =0, (t>0)... (3)
By method of separation of variables: u(x, t) = F(x) -G(t)

p> = G =c?p’G = G(t) = Ce* "' x

(t>0,0<x<L)...(1):c2 =X [m¥s] (for three dimensional (3-D) case: gt—u =c’VAu,(t>0))
“op

A constant is required for
the RHS in order to satisfy
for all t and x.

()= FG=Cc’F"G= % = F? = 0=G=0=G(t)=C x
t-dMnce X-deFeﬁence _p2:G:_CzszjG(t):Ce_CZpZt

F'+p’F =0...(4),G +c*p’G =0...(5)
(4) = F(x) = Acos px + Bsin px—& > F(0)G(t) =0,F(L)G(t)=0=F(0)=F(L)=0= A=0,sin pL=0

= pL=nr= p:nT,nzl,Z,...: Fn(x):sin%,n:],z,...

T

5)= G+ 2G=0,1 = CT_ =G, ()=Be " n=12,..

Eigenfunction u,(x,t)=F, (X)-G,(t) =B, sin %elﬁt, n=1,2,...with corresponding eigenvalue An

u(x,t) = > u,(x,t)=">"B,sin nlj_zx e —@ 5y(x,0) = f(x) = ZB sm— =B, = IOL f (x)sin %dx.
(b) Waven:Elquation " [ Fourier sine series r
Consider a 1-D wave equation, which represents an up-down movement of a “thin” string.
2 2 2
gtz =c° gxz ,(t>0,0<x<L)...(1); (for three dimensional (3-D) case: % =C*Vu,(t>0))
with initial conditions (initial deflection, velocity): u(x, 0) = f(x) ...(2a), ou(x,0)/ct = g(x)...(2b), (0 <x <L)
and boundary conditions : u(0,t) =0, u(L, t) =0, (t>0)... (3)
By method of separation of variables: u(x, t) = F(x) -G(t)

p’=F"=p’F = F(x) = Ae”™ + Be ™ —2 5 A=B =0x

6 _ F

1)=FG=c’F"'G= e - F - 0=>F"'=0=F(x)=ax+b—2 >a=b=0x
C . )
t—dMnce x-demence - p2 = Fuz_sz = F(X) = AerX + Be—JPX

F'+p?F =0...(4),G +c*p’G =0...(5)
(4) = F(x) = Acos px+ Bsin prF(O)G(t) =0,F(L)G(t)=0=F0)=F(L)=0= A=0,sinpL=0

= pL=nr= pznTﬂ,nzl,Z,...: Fn(x):sinnTﬂX,nzlz...

(5) =G+ 2G=0,1, = C”L” G, (1) = A, cosAt+B, sinAt,n=12,...



Eigenfunction u,(x,t) = (A1 cosA.t+ B, sin Aht)sin nTﬂx,n =1,2,...with corresponding eigenvalue An
i & ) . nNax
u(x,t) = ZUn(x,t) = Z(A1 cosAt+ B, sin At)sin -

— @A 5 y(x,0) = f(X) = ZAqsln— = A= —IOL f(x)sin %dx

ou . 2 (L . Nax
@ M g0=3"B 1 sin* =B 1 == g(x)sin "Pdx
B 000 =2 8,750 "% = B = [ 9(9sin
6 Complex Fourier Series
X i X _ i
Using Euler’s Formula, given by cosx = eT;Sin X = — 0 then
J
'n” —'n—”x jn—”x —jn—”x
+e L e L _ L
f(x)= a0+2(a cos™ % x + b sm—xj a0+z +h, :
e L 2 ]2
S(a, b, VT &, b ) T & i
=+ Yy |-l +> |+ = >ce
® 2(2 2) 2[2 2) 26
where Co = ag, tn=(an-jbn)/2, c.n=Cn*, N=1,2,...

1 L a—jb 1 i 1 “Ex
c,=a,=— /| f(Xdxc, =—"—"""=—/| f(x cos—dx—— f(x sm—dx_— f x)e L dx
o=ay=c [ T0dxe, =B =2 [ (0 RIS TR
EX s2b EX2 revisited.

nz nz 1 nz nz k/2 n=0
cn=£jlke_JTxdx:E —_i e 2| = K o7 _¢72 |= K ginnZ _ (<)'k/nz  n:odd,n=2¢+1
41 4\ nrx j2nrz nz 2
- 0 n:even

Thus, ao=k/2 ; an = (-1)2k/nz, n = 2f+1, /=0,1,2,...
EX s4c Half-wave rectifier with E=1. Note that L = 7/ .

jat —jat
ﬁj‘oﬁlw[e Te efjnwtdt @ Iﬁlw(e j(n-at —e J(n+l)wtbt
J

C,= ﬂJ'”/wsin ote "dt =
27 %0 2r 2 Jamr o

7l —j(n-Dat nlo —j(n+l) wt zlo

Cn 0) ! (e j(n-Dat —e J(n+l)wt)j @ e _ e | n: Odd, n;ﬁl —)ano,

jar jar| - j(n—l)a)|0 — j(n+Daw)|,

7lw

n=1,¢=—- el lt=-2 " - J. L a=0b=%

a j47r ( )d j47za) 4’ ' '
n:even— ¢, = — R ——i{ L _ l}——i L 18, =C, la =C +C _2 1
' " jarl-jn-Deo -jn+d)e| 2z|n-1 n+l] zn’ N -l
7 Fourier Transform
Consider a periodic function fL(x), f_(X) = cheij , p=2L. Now, set w, =nTﬂ,AW=Wn+1—Wn =%% =M.

Vi

N=-—o

Let L—o0, assuming f (x) = Eim f_(X) is “absolutely integrable”, i.e.,

"”_] J‘:| f (X)|dX+ tl)im J‘j f (X)|dX(P.V.f |f (X)|dX) exists.{ P.V. stands for Cauchy’s principal value ]

then Aw—0, wh—w (becomes “continuous”), the infinite sum of the Fourier series of fi(x) becomes infinite
integral as Aw—dw in integrand:




Lo

i T Sl YT
f(x) = lim fL(x)_yanZ(Z j f(ve vae =

N=- B

im > @_sz j_LL fL(V)eiwnvdvjejwnx

f(x) = J‘:(g—\;\lfw f(v)e"”“’vdvjejWX :%fw [ fwye™dv g™ dw
e

f(w)

In engineering, Fourier Transform pair : |[f] = f(w) :Iw f(x)e"'“’xdx<—>$‘1[f] = f(X) :Zir f(w)e”“dw
—o0 /e

In mathematics, generally define f (w) :%J‘w f(x)e ™ dx & f(x)zﬁr f (w)e™™dw
/i T

Note also that conventionally variable pairs (x, w), (t (time), @ (frequency)) are used.

1 |x<05
EX t1 unit gate function f(x)=rect(X)=9 0.5 |x| =05
0 X/ >0.5
~jwx |05 —jwi2 w2 wi2  —jwi2 . .
f(w):jo'se‘”’xdx— e’ e e _eMtoe M 2sin(w/2) _sin(w/2) _ o wi2).
-05 - jW‘_OIS — jw jw w
EXt2 f(x)= © x>0 ,a>0=e®u(x), u(x) : unit step function
0 else
. - _ " _ —(a+jw)x |*
f(w)=| e™edx=] e dx= et
0 0 —(a+ JW)|O a+ jw
Some Properties
e Linearity : §[af + bg] = ad[f] + bs[qg]
e Symmetry or Duality : f(X) <> f (W) = f(X) <> 27 (—w)
Proof f(—x) = f (w)e ™ dw—=2 s £ (cw) = [ (e M dx — 2 (-w) = [ f (x)e ™ dx.
279> 2= o0

e Scaling: f(x) < f(w)— f(ax)eif(ﬂj
la] \a

Proof a>0: 5[ f (ax)]= f f (ax)e ™ dx = f f(v)ej“”’a%:é f f(v)ejwv’adv:é f (gj

0 . V=-bX ¢ o . 0 . A
a<0, a=-b, b>0: g[f(ax)]:J_ f(ax)e ™dx = j f(v)e"“”“‘mﬂ:lj_ f(v)e‘””’adv:% f(ﬂj

-b b la] \a
1 X <al?2
EX t1b gate function f(x)= rect(ij =< 05 |x| —al?2
a
0 X|>al2
. a _ ~jwx [2/2 —jwal2 _ jwal2 jwal2 _ -jwal2 . .
F) = 2 & e el _eMt—e M 2sin(wal2) _ o sin(Wal2) e e o)
-al2 - JWLa/2 - jw jw W wa/2
. iel . fa _ : — jwxg
o Timeshift: f(x) < f(wW) > f(x=x,) < f(w)p(lameShift

e Frequency shift: f(x) <> f(w) - f(x)e™* <> f(w—w,)
modulation

Special Cases



e Delta Function : f(x)=&(x); f(w ):.[ S(x)e M dx=1— [5(x) ©1]

Furthermore, 5(x) =& '[1] = —re"wxdw;
27 9=

Likewise, from duality |§(x) 1516 270(-wW) = 27z5(w)‘.-. o(w) = ziéf[l] = zir e " dx
T /2

e Harmonics: f(x)=e"* - f(w)= fejw"xe“”dx:Ijoe‘j(w‘wf’)xdx: 275(W—Ww,)

e Unit step function : f(x) = u(x) [= 1 (x>0) and = 0 (x < 0)]

. n L N SR . 1 .| a—jw
Let u(x) = lime *u(x), G(w) = g[lim e *u(x)] = Ilmj e e dw=Ilim — = Ilm{ . J 2}
a—0 a—0 a—04J0 a0 g + JW a—=>0l a“ +W

. — jw 1 1
Imaginary part : I|m =— a
a’+w’ | jw
oW a_ _
Real part : Iwa W dw =tan al =T lim T = 7o (W)

G(w) = zo(w) +1/ jw

Parseval’s Theorem : Eo| f (X)|2dx = % Jz‘ f (W)rdw

[ 11 00Pax=[" £ 00 (dx= f‘;% [ f (w)e”“dwi [ f*we avax

f(x) (%)
ZJ._Z fA(W)ZiJ._ f (v ) J' e I WX gydvdw = I f(W)—J._ ]‘A*(V)é'(V—W)dVdWZ%E}O fA(W)fA*(W)dW

Significance Total energy in X (or time) domain = total energy in transform (or frequency) domain

Fourier transform of derivative : f(x) <> f(W) — f'(X) < jmrf(w)

Proof &[ f'(X)] = f; f'(x)e M dx=f(x)e ™| + jwf; f(x)e ™dx = jwf (w)

[X|—>o00=> f (x)—>0

It follows that  (x) <> f (W) — £ (x) <> WL ()] = jw|jwf (W) |=—w? f Q

EX 13 Consider f(x)=xe ™ : xe™*" = —l(efxz Yo f(w) = —%g[(exz ¥]= ——g[e ]

2
w
7)2 L

jwi2 w? w?
2 o o i o —( —(x+ 3%y W _w
5)‘[ex]=fexe‘““dx=fe 2 g 4qx= e4je 2’ dx=e 4Iezdz=\/;e4

Thus, f(w)—— Fle™ \/_e 4

Convolution|(f *@)(x) = [ f(Pg(x—p)dpl> £ (x) <> F (W), g(x) > (W) > f *g <> fg
st *a1=" (] t(Patx- p)dp e ™ ax=[" [ gx— pe™x Jf (p)ap

2] et e Paq ) (pydp = [ ([ aade " Je £ (p)dp= [ gwe ™ F (p)dp = 6(w) F(w)

e Duality of convolution : f(x) < f(w),g(x) < §(w) > fg <—>2i f*@
T

Exercise Prove this property.



EX t4 Let f(x) = g(x) = rect(x), then for |x| > 1, f*g=0, -1< x<0, f *g(x) = J.:z'sdp =X+1, 0<x<1,

. 05 * 0 — jwx 1 ™
f g(x):jx_o_sdpzl—x.:.g[f g]:_[_l(x+1)e dx+'|'0(1—x)e dx=1,+1,-1,

i 11 : ; .10 .

1. e*JWX e*JW_eJW San - —wa 1 eJW l—elw
=[x == A 1, = [ xe M dx= b e dx =" =

N S, - —jwi, jw® jwow

1 r e_JWX 1 1 e—jW e—]w_l

’ —jwl,  jw —jww

e_el e 1-eM e eM-1 1 1 y
g[f*g]: - + — + - :_(Z_eJW e JW) __(ejw/Z_e jw/2)2
— jw jw woo—jw wr WA W

2 2 2
1(.,. w 4 ( . w 1 . W . LW
=—— j2sin — =—|sin—| = 7| Sin— | =SsInC” —
W 2 W 2 (w/2) 2 2

Using the “even” function property yields

2coswx| 2-2cosw _ 4sin®(w/2)
2 2 - 2

2sin wx|1 _ 2xsin wx|1 _
w |0 w w

2 1.
+—I sin wxdx = —
w |0 W | w +0

§[f*g]= 2_[01(1— X) coswxdx =

Alternatively, since $[rect]=sinc(w/2),$[rect * rect] = sinc*(w/2).

8 Application of Fourier Transform to PDE
(a) Heat Equation Consider

ou o ol e o . S _

E =C 2 —,(t > 0,—00 < X <0)...(2) with initial condition: u(x, 0) = f(x) ...(2)
Recall G(w) = S[u(x)] = fwu(x)e*wdx, F[u'(x)] = jws[u], §[u" (x)] = —w?s[u]
Take Fourier transform of (1) yields

ou 2 azu . au —WX O WX _8
é}[a}_c 5&[y}_—cwg[u] 55[ "= j Mgy = LoueJ dx—a&'[u]

ul_ oo aa(w,t) 5 >
&FL}J— cw’s[u] - b —cWA(w,t)...(3)

PDE ODE

Take Fourier transform of (2) yields G(w,0) = f () ...(4)
From (3) U(w,t) = Ce - from (4) 4(w,0)=C= f(W) Sa(wt) = f(W)e_czwzt

Take inverse Fourier transform yields u(x,t) = §'[G(w,t)] = ir G(w,t)e™ dw= ir f (w)e " e™dw
27 4= 27 4=

(b) Wave Equation Consider

2 2
Zt—l; = cz%,(t > (0,—0 < X < )...(1); subject to
with initial conditions : u(x, 0) = f(x) ...(2a), ou(x,0)/ct = 0...(2b),
and boundary conditions : u — 0, ux— 0, as |x|—>w (t >0)... (3)
where f(x) assumed to have Fourier transform

§lu, |= 1, =c’$[u,, |= —c*w?i — 0, = —c*w?d — G(w,t) = A(W) coscwt + B(w)sin cwt

n R R ejcvvt +e—jcwt
For t=0, G(w,0) = A(w) = f(w), 0, (w,0) =cwB(w) =0, Thus U(w,t) = f(w)coscwt = f (W) ——

frequencyshift
u(x,t) = §a(w,t)] = 1[f(x ct)+ f(x+ct)] “d’Alembert’s solution”

10



9 Poisson’s Sum Formula

Consider a “periodic” impulse train with period p=2L, S(X) = Zé(x —2KL) (Called comb, I1I (Shah) function).

k=-00

Fourier series of s(x) is given by

1 -itx x 1 1 & it &
C,=— sxe "Udx = S(x—2kL)e de:—andsx=— et =) o(x—2kL
v =or ), 5 jz< ) oL S0 =5 De t = D Lo(x-2)
Now, consider Fourier transform of s(x)

sy = [* L e Ulgingy = LS e D 4= 22 S sy T S s
S(W)_-[—wZLn_Zoe Le dx_ZLn_zJ—we L dX_ZLn;@g(W L)—anwd(w o)

Let h(x)=g(x)*s(x)=g(x)* Z5(X —2kL) = Z g(x—2KL) «periodic version” of g(x)

FT of h(x) : h(w) = §(w)$(w) = g(W)—Z5(W——)=%_§,@(W)5(W—nTﬂ)— Zg(—)5( ——)

§(w) sampled at nz/L. Take inverse FT of h(W) yields

0 Nz

Z g(x—2kL) = i Z (T)eJ L «Poisson’s Sum Formula
k=—o0 n=—o0

Fourier series vs Fourier transform

1 & .onry i¥x 1 . nx
Si h(x) = 2kL) = ceLz— j(—)e t ,c.=—@4(—).
ince h(x) = Zg(x ) Z 2Ln§cg( L) C, 2Lg( L)

k=—0 nN=-—o

EX t5 Consider Fourier series in EX s2. First, find the Fourier transform of g(x) = k rect(x/2). From the scaling
property (EX tlb with a=2), §(w) = 2ksinc (w). Now, consider the periodic version of g(x) with period p =
2L, L=2.

k/2 n=0
1. nrx k k .
c. ==(@(—)=—=sinc(—)=—-sin—=<(-Dk/n n:odd,n=2¢+1
v= 4 00 = sine(T) = —sin L =4 (-1) k/nz +
0 n:even

EXt6 Consider a half-wave rectifier. First, let g(t) = sin wt[u(t)-u(t-7 )],

g(w) = _[ sin wte” JW‘dLJ’”’“’[%Je ot — erlm(e_j(w_‘”)t—E‘j(w+‘”’t)dt

0

1 i g iw-ot lo g ilwro)t leo 1 [e—j(w—w)ﬂ/a) 1 e iwole _]}
- 2| - jw-a)l, -~ jWwtao) 2l —iw-e) - j(w+o)
= iz e*j(W—(u)ﬂlzw ej(Ww);r/-Zz) —ej(‘;lw)ﬁ/zm _ e*j(W+w)7r/2w ej(Wer)”/-Z: —ej(")“”)”’z’”}
12 - JW-w - Jw+o
_ 1 o-iw-o)z /20 sin(w—w)z /2w _e-ima)ri2o sin(w+w)z /2w
] (W—w) (W+ w)
_ ll e*j(W*(u)ﬂlzw Sln(W—a))ﬂ'/Za) _e,j(Wer)ﬂ./zw Sln(W+ 60)7[/2(0
j 20 W—w)7 /2w W+ )7/ 20

1 T | gritw-o)z20gj W= @) (W—w)r _p-iwo)r /20650 (W+ o)z
j 20 20 20

T T

— jot _ q-jet _
Alternatively, let g(t) =sin wt - rect(a)(t 7r/2a))j — (e _2e ] rect(a)(t 77/260)]
J
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> [5(W— w)—o(W+ a))]; é){rect(

s eja)t_e—ja)t _2_7Z'
j2

Using fg <> Ly *§yields §(w) = _iz{e‘j(w‘“’)”"’-”sinc
2 2

ot —7/2w)
T

7(W— o)
20

Now, let h(t) = g(t) *s(t) = g(t) * ia(t ~2kL)= g(t-2kL)iL -z

i T . W
—e JW;r/Za)_SInC_
w 20

_ e—j(w+a))7z/2(usinc ﬂ-(W + 0)):|

20

:_ (_)__g( ) 1 £|:e—j(na)—a))7r/2wsincﬂ(nw_a))_e—j(na}+w)7z/2msincﬁ(na)+a))j|
jZa) 20 20
(7 _ L (n)z
=_i e’ 2 smc(n 1)”—e 2 sinc—(n+1)ﬂ
j4 2 2
n=0, Co=.i e23|nc——e 2smc 1{ U }:1
j4 2 2| jA\xl2 xl2] =«
2
01:_i sinc0—e stincz—ﬁ :_i,n:odd, n#l — cn=0,
j4 2 j4
(n—1);r . (n+1)7r o s
neven: ¢, =—|e 2 smc(n DL —e 2 S|nc(n+1)” :_i 2 -2 |1 21
j4 2 2 jA(n-Dz (n+Y~x zn -1

Discrete (Sampled)

Signal

Let fc(x) be a “continuous” signal, and fs(x) be a “sampled” signal with sampling period p=2L.

F (0= (0500 = Fe () S 8(x—2k) = 3 f (X)S(x— 2KL)

Using fg <> 2i

Fxg, fow) == fow)»sw) == fow) T i sw-"5) = e w)* Z sw-"5

which means f.(w) is repeated every 7L, in other words, f s(W)is a “periodic” version of f c(w). This is

called Discrete Tim

e Fourier Transform (DTFT).

Summary
X (or time) Example Waveform Transform Example Spectrum
domain (frequency)
domain
Continuous, Continuous,
aperiodic j\\L aperiodic J/\’L
Continuous, X+ [ Discrete (Fourier
periodic W\ series)

_a‘""d ,f/L

||‘1 (i

Discrete (sampled
signal)

I

L ’

Continuous,
periodic (Periodic
version of Fourier
transform)

P

PAVANYIN

10 Laplace Transform and Fourier Transform
Laplace to Fourier: Recall that Laplace transforms exist only for functions that satisfy the “growth restriction”
condition, which requires region of convergence (ROC) consideration (i.e., region of s where the transform
exists). Now, the conventional Laplace transform is defined for f(t), t>0, as




F(s) = j0°° f (t)edt,
which is sometimes called “unilateral” Laplace transform. Since f(t) is assumed to be 0 for t<0,
F(s) = I:) f (t)e ™ dt.(«—called “bilateral” Laplace transform)
Comparing to the Fourier transform for (t,w) pair given by
f(0) = f’w f (t)e “dt,

it follows that by substituting s=j in F(s), provided that s=jw (imaginary axis) is in the ROC, one can obtain

the Fourier transform, i.e., f(a)) =F(jw).
EX1 Consider f(t)=e®, a>0, then F(s)=(s+a). f(w)=F(jo)=(jo+a)".
EX2 Consider f(t) = sin at[u(t)-u(t-7 »)]. Note that w is used as the variable for frequency domain here.
f(w) = li p-i(w-0)7/ 206 (W-aw)7 _ p-iwro)r/ 20650 (W+ o)z
20 20 20

:ll[je_jw,,,m —cos(w;r/2a))+ w20 cos(w;z/Zco)}
j 20

W-w)z /20 W+w)z /20
:e—jWEIZa) ejW;r/Zw_l_e—jWir/Z(u ~ 1 N 1 :1+e—jW7r/(o 20 _ ) (1+efjW7r/a))

2 W—o W+o 2 W o -W
F(s)=£{sinwt[u(t)—u<t—f)}}=£{sinwtu(t)}—s{sinwtua—f)}= v efsinolt-Due-5)|

1) o) S“+o ® ®
__@ , ® 5
S“+0° S+ o’
jmw jmw

. : @ ) - @ s
f(w)=F(jw) = + e = l+e @
(W) =F(w) -W+o' W+’ a)z—w{ j

NOTE u(t)«>1/s, but G(w) #1/(jw) ! This is because s > 0 (Re s > 0) for u(t).
Fourier to Laplace: Fourier transforms exist for functions that are “absolutely integrable”. Now, consider a
the Fourier transform of f(t) which satisfies f(t)=0 for t<0. It follows that

f(w) = j;” f(t)e 1dt.

This integral does not exist unless f(t) is absolutely integrable. Thus, an additional term is introduced to
guarantee the existence of integral, namely

f(0) = j: f (t)e e 1dt = j: f(t)e Sdt=F(s).

Therefore, s=o+jw becomes complex and the ROC for s needs to be considered.

Inverse Laplace Transform

Recall the growth restriction dictates that Laplace transform F(s) exists if [f(t)|<Me", for t>0, Ik,M. Can
choose >k such that Me ™' 2250 Therefore, for f(t)=0, t<0,

e f (1) = Zi [“e [ et (e drdo.
/s

Sle (1))

Moving the e 7 term to the right hand side yields

_ 1 00 Ao jot 0 I P 5=}ijw 1 ¥+ joo st [ st
f(t)—z_[_wee [ f@e7ei ddo = S [ f(x)edrds.

F(s)

0
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1 peie
Thus) f () =——[ "F(s)e%ds~"Bromwich integral”
J 27 Jr-ie

where y > mslx Res, , sk denotes the k™ pole of F(s), i.e., > Maximum of Real part of poles.

Brief Introduction of Poles Let F(s)=A(s)/B(s), and sk denote a pole of F(s), then B(sk)=0.
(Recall e*«>(s-a)%, and a becomes a pole)
1 1/6 1/2 1/3 g e’ e
3 > = — + > ft)=——-—+—
$°+28°—-s—2 s-1 s+1 s+2 6 2 3
Thus, s>1 is the ROC, and it follows that > 1. Note that each pole corresponds to an exponential term.

EX F(s) =

11 Fourier Cosine and Sine Transform
Recall that

= 1 jwx [ - jwv _ 1 = jw(x—v)
9= [e™] fe’ dvdw=—— [ ] fwyerdvdw
1 00 00 i R
- ZLO J:w f (v)[cosw(x —v) + jsinw(x —v) [dvdw
= lr Jmo f (v)cosw(x — V)dVdW(‘-' r sinw(x —v)dw=0, ro cosw(x —v)dw = Zrcosw(x - v)dwj where
T 0 J-w _» o o

= lr J.w f (v)[coswxcoswv + sin wxsin wv|dvdw
T 0 J-wo

- J? [A(w) coswx + B(w)sin wx) Jdw <{ “Fourier Integral” ]

A(w) = %fw f (v)coswvdv; B(w) = %fw f (v)sin wvdv

If f(X) is an “even” function, B(w)=0.

A(w) = % J:O f (v)coswvdv; f (x) = I: A(w) coswxdw% “Fourier Cosine Integral” ]
If f(x) is an “odd” function, A(w)=0.

B(w) = % J:O f (v)sin wvdv; f (x) = J:O B(w)sin wxdw % “Fourier Sine Integral” ]

Let A(w) = 2 f_(w), then
T

fc (W) = I: f (X) coswxdx«—2%— f (x) = % .[ow fc (W) COSWXdW% “Fourier Cosine Transform (FCT)” ]

Let B(w) _2 f_(w), then
T

fs (w) = J:O f(x)sin wxdx<&—s f (X) = %Iow fs (w)sin wxdw % “Fourier Sine Transform (FST)” ]

Note that in mathamatics:

f (w) = \E jo“’ f (x) coswxdx <& f (x) = \E j: f_(w)coswxdw,
T T

fs (w) = \/%J? f (x)sin wxdx<«Z— f (x) = \/%J': fs (w)sin wxdw.

Some Examples

mf(x)z{g

O<x<a
X>a

14



ksinwx|* _ ksinwa

= kasinc (wa) .
w |0

f (w)= Jj k coswxdx =

k coswx|"
w

= E[1— coswa.

fs(w) :J'Oaksin wxdx = — v
0

EX2f(x) =e™ x>0,k>0
e sinwx|”

ok
+I — e sin wxdx
w 0w

f (w)= J.:e‘kX CoSWXdx =

ke ™ coswx
2

k2
—j — € k coswxdx
o w2

w 0
. k2 DO _kx . k ~ _ O _kx . k/W2 . k
'(“WJJ‘O e coswxdx_vj fc(w)_J'0 e COSWXdX_1+k2/w2 =T

G 27 2K = COSWX
f(x)=e :—L fc(w)coswxdw_— 0 K v dwx>0 k>0.
It follows that | &szdw=£e’kx,x>0,k>0... (*)

+ W 2k
Likewise,
—kx i

fs(w):f e sin wxdx = — & “OSWX —j K e coswxdx

0 w 0w

® k2 KX =
—j —€ 7 sin wxdx
0w

1 ke™sin wx|”

w &

0
/iw  w
1+k* /W kK +w

2

. k2 © KX i 1 £ © KX i _
"(“WJL e "sin wxdx_W:> f (w) _IO e “sinwxdx =

f(X)=e’kX=gro fS(W)SinWXdW=£I WZ,SmWXd x>0,k >0
790 K? +w
It follows that | de=ze’“,x>0,k>0... (¥%)
+W 2

Equations (*), (**) are called “Laplace Integrals”
Cosine transform of derivative : f(X) <> fc (w) > f'(x) & wfs (w)—f(0)

Proof &[f'(x)]= j: f*(x)coswxdx = f (x)coswx|, + wf’ f (x)sin wxdx = wf, (w) — f (0)
x—o=f (x)—>0

Sine transform of derivative : f(x) <> fs(w) - f'(X) & —vvfc(w)

Proof &[f'(x)] = Lw f'(x)sinwxdx = f (x)sin Wx|:)° - Wf f (x)coswxdx = —wﬂ (w)
x—0=f (x)—>0

It follows that

GLE"001=w&[f'()]- f'(0) =—w’g[f ()] f'(0)

&L 001 =W f' ()] =-WE[F (x)]+wf (0).

Application to PDE

Consider the heat equation given by:

a_ o

N 5 (120,0< X <0)...(2) with conditions u(x, 0) = f(x) ...(2), u(0,t) =0...(3)
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Recall d(w) =8[u(x)] = f u(x)e ™ dx, g[u' (x)] = jws[u], S[u" (x)] = -w’s[u]
Take Fourier sine transform of (1) yields
u\_ s _

o°u 2 2 2n Ol 2 27
g, C’8| = | = —C*W2&[u]+wu(0,t) = —c*W?l, — —> = —c*Wd; ...(4)
ot ot OX ot

A

Take Fourier sine transform of (2) yields 0, (w,0) = fs(w) ..(5)

From (4) 05 (W,t) = Ce—czwzt : from (5) ljs (W,O) =C= ]‘?S (W) N OS (W,t) _ .'?S (W)e_CZWZt
Take inverse Fourier sine transform yields

u(x,t) =& "[a(w,t)] = 2 _[ md(w,t)sin wxdw = EJ'OO fs (W)e’CZWZt sin wxdw.
70 0

12 Practice Problems

f(x) or f(t) [For periodic functions, only one period is shown.] ODE
1 1 | 2 a. y'+y =f(t)
/[T i\ b. y+2y = f(t)
-1 0 1
3 4 c. y'+3y =f(t)
1 1
d. y'+4y = f(t)
-1 1 -1 1 e. y"+3y'+2y = f(t)
5 6
1 1
f. y"+6y'+5y = f(t)
L y"+5y'+4y = f(t
2 1 0 1 2 51 o 1z | %Y=l
7 1 8 1 h. y"+5y'+6y = f(t)
d L L i y"+dy'+dy = f(t)
N\ [0 1 -1 [0 N1
-1 -1
9 1 10 1
-2 2 0
-1 0 1 2 R 1 2
-1 -1
11 1 12 f(x) =x2 (-1<x<1),p=2
2 0 13 f(x) = x|x| (-1<x<1),p=2
- 2
L 1 14 f(x) =e® (-1<x<1),p =2
-1
Question

1. Find the Fourier series of f(x) (or f(t)), then find the “steady-state” solution for the ODE.

2. Find the Fourier transform of f(x) assuming that p—oo.

3. Compare the Fourier transform found in prob. 2 with the Fourier series found in prob. 1.

4. Find the Fourier transform of the functions given above when they consist of only “positive” half, then compare it
with the corresponding Laplace transform.

5. Prove f(x) <> f(w), g(x) & g(w) —> fg <—>2i f*g :
T
6. Find the Fourier cosine transforms of: 7. Find the Fourier sine transforms of:
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(@x+a0<x<a (b) xe * (a > 0)

(3 x+a 0<x<a (b) e (a>0)
8. Show that
a. @ 0 if x<0 b J’ﬂD Sin TTwW S1n Xw {% sinx if O=x=1
cos xw + wsin xw _ ) L _ ———dw =
L [+ 2 dc=4 @2 if x=0 o | — w2 0 if x>
e if x>0
c. = 4 d. = 1 1 .
w= sin xw _ cosg TW smeosx if 0< |x| <
J ?dﬂ’lee Teosx if x>0 J cosxwdw={2 a
0 w=+4 o 1 —w 0 if
9. Solve the following integral equations; (i.e., find f(x))

@ [; fcoswadx=e" (o) [ f (x)sinwxdx=we """

©) J: f(x)e ™ dx=e"""* (d) fw f (x)e™dx =sinc wa
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