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1 Laplace Transform : Definition 

 

 

Here, assume that the integral exists. The region where the integral 

exists is called “Region of Convergence” (ROC). Note that s is 

generally assumed to be complex, i.e., s =  + j. 

 

 

  

 

 

 
Proof It follows the linearity of integral operation, i.e., integration is a “linear” operation. 

Ex 1 

Ex 2 

Region of 

Convergence 
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Ex 3 

Ex 4 Can use linearity by cos t = (ejt+ e-jt)/2; sin t = (ejt- e-jt)/j2. Can also 

use result from Ex 3 by substituting a = j. 
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Ex 5 
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Example (Region of Convergence) 

(i) f(t) = 1, | f(t)| ≤ 1  k = 0  s > 0 (ii) f(t) = eat, | f(t)| ≤ Meat  k = a  s > a 

(iii) f(t) = tn, | f(t)| ≤ Met  k = 1  s > 1 (iv) f(t) = cos t (or sin t), | f(t)| ≤ 1  k = 0  s > 0 

2 Transform of Derivatives & Integrals 

 

 

 
EX2 f(t) = t, f'(t) = 1, f(0) = 0  L(f') = 1/s = sL(f) – f(0) = sL(f), L(f) = 1/s2. 

f(t) = t2, f'(t) = 2t, f(0) = 0  L(f') = 2/s2 = sL(f) – f(0) = sL(f), L(f) = 2/s3. 

Thm1 

Proof 

EX1 
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3 Differential Equation, Initial Value Problem 

Consider initial value problem  

 

Theorem3 

Proof 

EX3 
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EX4 
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Proof 











 
0

)(
~

0

)(

0
)()()()()()( dteatuatfdteatfdefdefesFe st

tf

a

st
at

assasas

  


   

EX6 

Shifted 

Data 

Delay a 

Theorem 1  

Time-shifting 

a 
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EX 1 

Time 

Shift 

EX 3 

Time 

Shift 
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Alternative Approach Let vC be the voltage across the capacitor and assume vC(0)=0, then 

S
C

CCCRC v
dt

dv
RCv
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dq
RvRivvv 

 
Taking the Laplace transform yields 
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Thus, 
  )()(()( /)(/)(

0 btueatuebtuatuVv RCbtRCat

C  

. And i(t) = dq/dt = CdvC/dt. 

4 Dirac Delta Function, Unit Impulse Response 
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Short 

Impulse 

Dirac Delta 

Function 

Unit Impulse 

Function 

Property 

Sifting Property 

Take limit 
as k-> 0 

V0/R 
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5 Convolution  
t

dtgftgfth
0

)()())(*()(   

 
Some Properties f*g = g*f (Commutative), f*(g1+g2)=f*g1+f*g2 (distributive), (f*g)*h = f*(g*h) 

(associative), f*0 = 0*f = 0 

 

 

EX 

q(t) : “unit impulse 
response” = response of 

unit impulse function 

EX 

1 

Use notation  

h(t) = f(t)*g(t) = 

(f*g)(t).  

LR 2/ (damping attenuation) 

LC/10  (natural frequency) 

L

CR

20





 (damping factor) 

Here, =0.1<1 -> Underdamped response 

(>1 -> Overdamped response; 

=1 -> Critically damped response 
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Application to Nonhomogeneous Linear ODEs 

 

 

EX 

2 

Proof Let 

Let p = t -  

y(t) = q(t)*r(t) 
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Note: For [(s+a)y(0)+y'(0)]Q(s) term, L-1{[ay(0)+y'(0)]Q(s)}=[ay(0)+y'(0)]q(t), L-1[sQ(s)]=q'(t)+q(0)(t). 

Sinusoidal Steady State Analysis 

Consider a system with sinusoidal input (i.e., cos t) where the unit impulse response is given by q(t) and all 

initial values are assumed to be zeroes. Then, the output is given in terms of convolution as 

    
responsetransient response statesteady  sinusoidal

00
)(cos)()(cos)()(cos)(cos*)()( 




t

t

dtqdtqdtqttqty  . 

The transient response will go to 0 as t goes to ∞ if the system is stable. Let ySSS(t) denotes the sinusoidal 

steady state response, 
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where Q(j) is the transfer function evaluated at s = j, which is called system “frequency response”. 

Ex1 Consider an RLC-series circuit, where the source is given by vS(t) = cos t. The ODE is given by 

SC
CCC

SC vv
dt

dv
RC

dt

vd
LC

dt

dv
Civv

dt

di
LRi 

2

2

,  
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  jRCLCjQRCsLCssQVVRCsVVLCs SCCC . 

[From steady-state circuit analysis] I = [R + jL + (jC)-1]-1 = (jC)-1VC  VC=[jRC-LC +1]-1. 

Ex2 Consider an RLC-parallel circuit, where the source is given by iS(t) = cos t. The ODE is given by 

EX 
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  jGLLCjQGLsLCssQIIGLsIILCs SLLL . 

Note that this is the dual problem to Ex1, whose solution can be obtained from that of Ex1 by substituting 

R1/R=G, LC, CL with  remains the same. 

[From steady-state circuit analysis] V = [G + jC + (jL)-1]-1 = (jL)-1IL  IL=[jGL-LC +1]-1. 

6 System of ODEs 

        
Can be written as y'=Ay+g  AY = -y(0)-G, where 
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7 Practice Problems 

f(t) ODE 
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a. y'+y = f(t), y(0)=1 

 

b. y'+2y = f(t), y(0)=2 

 

c. y'+3y = f(t), y(0)=-1 

 

d. y'+4y = f(t), y(0)=-2 

 

e. y''+5y'+6y = f(t), y(0)=1, y'(0)=2 

 

f. y''+6y'+8y = f(t), y(0)=2, y'(0)=1 

 

g. y''+5y'+4y = f(t), y(0)=1, y'(0)=-1 

 

h. y''+4y'+4y = f(t), y(0)=-1, y'(0)=2 

 

 

9  )()()sin(  tutut  10  )1()()sin(  tutut   

11  )()()cos(  tutut  12  )1()()cos(  tutut   

13  )()()sinh(  tutut  14  )1()()sinh(  tutut   

15  )()()cosh(  tutut  16  )1()()cosh(  tutut   

Question 

1. Find the Laplace transform of f(t), then solve the ODE. 

2. Find the unit impulse response of the system specified by the ODE, then use convolution to find the system output 

when the input is given by f(t). 

  

 

 

 


