Homework #10 Solution

1. First, taking the divergence of V x & yields
V.(ng)zv.(_a_gs):_é(v.gg)
Ot Ot

Since V- (VxA)=0,VA,V-3=0.
Likewise, taking the divergence of V x J( yields

v.(6+:92 _v.6+ 2 v.q) =
VAV =V g+ =V §+— (VD) =0.

0
From the equation of continuity, V- § = —% ,thus V-9 =p .
t

It can be seen that the divergence equations and the curl equations in Maxwell’s equations are not
independent.

2. 6= 65 sin & cos(wt — kr)

r
(a) In free space, which is linear and isotropic,
OB oK
Vxg=—=—p,—.
o o u

Since Vx& = &)&k sin@sin(wt — kr) ,
r

G_SC = —&yﬂi sin@sin(wt —kr) > H = —(T)&i sin HI sin(wt — kr)dt = &)ﬂL sin & cos(wr — kr)
ot o Hy rHy r W,
W+ L, E /
Notice that k = Ho%o = %o = l , thus
WK, W Hy 17

I = ﬁﬂ sin @ cos(at —kr) » which is perpendicular to the electric field intensity.
nr

~FE . .
(b) Consider the phase term of E, one obtains the vector phasor asE =0—"sinfe ", which is a
r

“non-uniform” plane wave. Obtaining the magnetic field intensity from Maxwell’s equation yields
H A E, . .
VxE=-y, 88— = — jou,H = §(— jk) —>sin e ™", thus
1 r
~k E, . 4 ~E, . ~ E, .
H=¢——"Lsinf ™ =¢p—"LsinGe " — I =dp—Lsin O cos(wt —kr).
o, r nr nr

kxE Fx0E . . +E . .
= —sin G = p—LsinGe ", which is equal to the result obtained
r nr

(c) From part (b),

in part (b). Hence, H = kxE .

(d) The Poynting Vector iggiven by
P=6ExH = f'ETozzsin2 @cos’ (ot —kr) .
The power dens?ty then becomes

| P = UE—’?ZZ sin” @ cos’ (@t — kr) (W/m?).

3. E=[R+2(§ —2)]|E e’ "0




(a) From k -r =10007(y + z) ,
k, =k, =10007 -k = (§ +2)//2;k =1000v27;k = kk .

Furthermore, since the phase difference between two orthogonal field components (X, (Y —Z)/ NG )is
0 (i.e., same phase), this is a linear polarization.

(b) k =1000+/27
(©) k =1000827 = [ pye, =27f Ic > f =ck /27 =1.5x10"4/2 = 212.13(GHz)
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4. E=[3%+2§ —42]E e’
(a) Since kK-r=—-(4x+3z2),

k=_%4-23=kk=_X4*73

k=5.

Also, since the direction normal to the boundary plane is z, the xz-plane is the plane of incidence.
It follows that

cosé, =2 kI=3/5-> 6,=0.9273=53.13°.

Using the Snell’s law of refraction yields

sin@, =(n,/n,)sin@, =~1/2.5(4/5) =0.5060 — 6, =0.5305 =30.40°%cos 8, =0.8626
k, =k,(—Xsin6 —zcosb )= 5\/%(—)20.5060 —70.8626) = —x4—1726.8195.

(b) Can decompose the field into perpendicular polarization and parallel polarization as

E, =§2E """, E, =[3% —42]E e’

1) Perpendicular polarization

_ n,co86, —n, coso, (3/5)/%—0.8626 03897 — 2n, cos o,
7,c080, +1,c086,  (3/5)/4/25+0.8626 - 1,c0s6, +1, cosb,

Therefore, the reflected wave and the transmitted wave become
El,r — yl—wl ZEOej(4x—31) — —90.778E06j(4x_3Z); El,t — yrl 2Eoej(4x+6.81951) — y1.222EOej(4x+6.81951)
ii) Parallel polarization

n,cos0, —n,cosd,  0.8626/~42.5—(3/5) — 0.0475:7, = 2n, cos o,

1, cos@, +mn,cosd, 0.8626/+/2.5 + (3/5) 772 cos@, +1,cosb,
Therefore, the reflected wave becomes
E,, =[3%+4Z][,Ee’ "7 = 0.14258 + 0.190Z] E e’ 7.

3, 4, (4 .
Note that E, =[3X—4Z]E e Hax3e) [gx—gz]SEoe’(4 3% The transmitted wave becomes

I' = =0.611.

T, = = 0.6625

E,, =[0.8625% —0.5060Z]7,5E e’ %" =[2.857% +1.6761Z] E e’
5. Assign points 1, 2, 3, 4 as shown in the figure below.
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Let Ej be the magnitude of the electric field intensity impinging upon the prism (i.e., the incident
field) and 7, 77, denote the intrinsic impedances of the air and the prism, respectively. Since & inside
the prismis 4, 1, = 1,/2.

Now, let Ey, denote the magnitude of the light transmitted into the prism at point 1 (transmitted field),
then

i E, = 2 E,.

m + 1 3

The critical angle between the medium inside the prism and the air is given by

6, =sin” %0 —sin" |1 —gin" L_300.
& g, 2

Since 6 = 45° > 6., the reflections at points 2, 3 inside the prism are total reflections, resulting in the
light reaching point 4 has the magnitude E.
Finally, let E,; be the magnitude of the light transmitted out of the prism at point 4, then

2n 4 42 8
—OEtO =~ E,=57E i -
n, +n, 3 33 9

Since the time-average power densities of incoming light and outgoing light are given by

E, =1, =

p— ' —
Etl =T Eto -

2 2 )
() =Eoy(p ) - B 4 Ey
21, 2n, 812n,

the ratio of the reflected light power to the input light power becomes 64/81 = 0.79.



