LE 200 Homework #2 Solution

2-1.Given A =(4,0,-1),B=(1,3,4), and C = (-5, -3, -3) in Cartesian coordinates.
(a) Let D be a vector perpendicular to the plane containing vectors A and B (denoted by AB plane
afterwards), then

D=AxB=3%-17§+12%.

Since C-D=3)(-5)+(-3)(-17)+(-3)(12)=0, C is perpendicular to D and is thus
perpendicular to AB plane. Consequently, A, B, C are on the same plane.

Next, let P be an arbitrary vector on the AB plane given by P =Xx+ yy + 2z, then all P must be
perpendicular to D, thus

P-D=3x-17y+12z=0,

which is the equation of this plane.

(b) An equation of a plane is generally given by ax+ fy+ 2 =C . The coefficients can be
determined from the points on the plane. Since the origin is on the plane, then C = 0. Next,
substituting (4, 0, -1) and (1,3,4) into the plane equation yields

4doa—-y=0,a+3L+4y =0

Thus, ¥y =4a,a+38+12a =0 —> 3 =—17a . Choosing & = 3, one obtains
3x—17y+12z=0.

It can be easily verified that (-5, -3, -3) is also on the plane.

(c) It can be shown that A+ B +C =0, thus A, B, C forms a triangle. Using the result from
Problem 3, one obtains

S :%‘ﬁ;xA_c" :%‘(—3§(+3§'+52)x(—9§(—3§'—22)

:%\—9&—519+362 =31.541n

fact, one can verify it using Helon’s formula as follows:

= [AB|= V430 =[BE| = 11:c = [0 = Vo4 = 12

Area = \[s(s—a)(s—b)(s—c) = 31.54

2-2. Given r =+/x° + y2 +z°.

(a) Since @=£;@=l;@=£,Vr:1(§x+§7y+iz).
ox r oy r Oz r r
o1 x 01 y 01 Z 1 A s A
b) Likewise, since —— =——;——=—"F;——=——F,V—=——(Xx+yy+172
(b) ox r P oy r oy 3 r3( Yy )

. 0 _ 5 0 _
(¢) In general, since — " = nxr" > ;—r" = nyr" > —r" = nzr'’,
ox Oy 0z

Vr' =nr"? (f(x +yy+ iz) =nr"r where r = Xx +§y +2z.
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2-3. Given a scalar field ¢ = —+ Z—z +z.
a

22X A2y,
A Vo=X—+V—=+12
(a) Vg 2 TY



~ 2X,

A2
(b) Since the gradient at the point (xo, yo, Z0) is given by Vg =X—7=+y Yo
a

=0+ 7, the equation of the
b2

tangential surface at the point (xy, yo, zo) is given by

~ 2X,

V¢-(r—r0)=(x

<2 o) (s . 5
7+y%+zj-(x<x—xo)+y<y—yo>+z<z—zo>)

2x, 2
== x) + R (= y) 25 =0

(c) Using the result from (a) and substituting a=2, b=1 yields V¢ = )A(§+ y2y+2Z, which at at the

point (2,0,-1) becomes V¢ =X+ Z. It follows that two orthogonal vectors of this tangential surface

can be given for instance by §,X—Z .

Using the following commands in MATLAB:

[x,y] = meshgrid(-5:.2:5, -5:.2:5);

z=-x2/4 -y 2,

surf(x,y,z); % surface plot

one can generate the ¢ =0 surface plot when a=2, b=1 as shown in the figure below.
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2-4. Given A = Rx + §y + 22°.
(a) A unit cubic centered at the origin.
Surface Integral

. .. N 1
On x = 1/2 surface: A =X—+yy+ 27°:ds = Xdydz; A - ds = Edydz

N | =

1 1
IA ~ds = ,rl//zzrll/zzadydz - E



N N 1
Likewise, on x = -1/2 surface: A = _XE + Yy +22°;ds = —Xdydz; A - ds = Edydz

.'.jA-ds:%

It can be found that the same results can be obtained for y=1/2 and y=-1/2 surfaces.
P | A 1
However, on z = 1/2 surface: A =Xx+yy+ zz;ds =Zdxdy;A - ds = dedy , but on z = -1/2
N | N 1 . .
surface : A =Xx+yy + zz;ds =—2dxdy; A - ds = 2 dxdy and thus the integrals will cancel each

other. Summing all contributions yields jgsA ds=2.

Volume Integral

1/2 p1/2 p1/2

Since, V-A =27+2, jvv -Ady = j (2z+2)dxdydz =2 .

—1/2J-1/2J-1/2
(b) The region bounded by x*+y*=4, z=0 and z=3.

Surface Integral
On x*+y’=4 surface:

A =%2cos¢+ §2sing +2z°;ds = p2d¢dz; A - ds = 4cos’ ¢+ 4sin’ ¢ = 4
o [A-ds =j03j02”4d¢dz ~ 24z

Likewise, on z = 0 surface : A =Xx+ yy;ds = Zdxdy;A -ds =0
On z =3 surface : A =Xx+ ¥y +29;ds = zdxdy; A - ds =9dxdy =9(2d @),

- [A-ds=["18dg =367
Therefore, §SA -ds =60r .

Volume Integral
_ 3 P27 (2 _
jvv-Adv ‘Uo jo (2z+2) pdpdddz = 607 .

2-5. Given a vector field F = %xy” + §x*y

OF, OF

(a) Since (VxF), =(VxF), =0;(VxF) = —E":O, VxF=0

ox

(b) This vector field in the range | x I< 2,| y I< 2 can be shown in the figure below using the following
MATLAB commands:

[x,y] = meshgrid(-2:.2:2, -2:.2:2);

pX = X. ¥y 2 ;

py = x."2.*y;

quiver(X,y,px,py) ;
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Note that there is no vortex source in this vector field.

(c) Integrate this vector field from (1,1,0) to (2,2,0) along the following paths:

(i) along y = 1 line to (2,1,0) : F = %xy’ +§7x2y‘ = fx+ 9x°;dl = Xdx;F - dl = xdx.
=

.'.J-F-dlzj.lzxdx:%.

along x = 2 line up to (2,2,0) : F = &xy’ +§'x2y‘ L= X2y’ +y4y;dl = ydy;F-dl = 4ydy .

.-.jF-dl:f4ydy=6.
rasdeelts

dl==+6
(1,1,0) 2 2

(i1) along y = x line directly from (1,1,0) to (2,2,0):
F = &xy’ +§'x2y‘ =% +9x7;dl = Rdx + §dy = Rdx + Ydx;F -dl = 2x°dx .
x=y

f’mF-dl _ fzx3dx _ %

(1,1,0)
(iii) along x = 1 line up to (1,3,0): F = Kxy* + §x°y L= &y + 9yl = §dy;F -dl = ydy
: IF-dl:I3ydy=4
s 1 .

go straight down from (1,3,0) to (2,2,0) : it can be shown that the equation of this straight line is given
by y = -x + 4, thus

F = %xy” + ﬁxzy‘y:_x+4 = Rx(—x+4)” + §x° (—x + 4);dl = Kdx + §dy = Xdx — §dx;

F-dl = (x(—x+4)> = x*(—x+ 4) Jdx = (—x+ 4)(~x* + 4x — x*)dx = 2x(x* — 6+ 8)dx



[F-a :fzx(xz—6x+8)dx=%.

dl=4+ .
1,1,0) 2 2

It can be noticed that the line integration does not depend on the path because this vector field is
conservative (irrotational).

2-6. Taylor’s series of degree n about a is given by

F)= Zf(“() = f(a)+ f(a)(x— a)+f"(a)( D\ )(X ar

J-(2,2,0> F. 7_15

Now, let f(x):Ax(x,yo,Zo), X = xo+Ax/2, a = xp, (x-a = Ax/2), and use partial derivatives instead of
ordinary derivatives, then one obtains

Ax Ax OA
Ax (xo > Yo> Zo) A (xo, Yoo ZO) +——= + higher-order terms.
2 2 0x |y



