Homework #3 Solution

A

3-1.Given A=X(y—z+2)+y(yz+4)—Zxz; VXA =—Xy—-y—1Z
(a) The region bounded by x=0, y=0, x=2, y=2 on x-y plane.
Surface Integral: ds = Zdxdy;V x A -ds = —dxdy

A-ds=—[ [ dxdy=—4
ISVX . S__-LIO ey ==
Contour Integral: The contour can be divided into the following paths:

(0.0.0)>(2.0.05: A =X2+ §4;dt =R A - dt = 2dbx; | f’oo’:)) Adi=| 2dx=4.

(20.00>(22.05: A =R(y+2)+§45de = Jdy; A - dt = 4ay; | (2’2’0(? A-di=| 4dy=8.

2,0

(22.01>(02.05: A= R4+ §4:dt = Rdx; A - de = 4dbx; | (202200: A-de= ddx=-8.
(0

(02.00>(0.0.0): A =R(y+2)+§4;de = §dy; A -dt = 4ay; [ ’20’:: A-di= LO 4dy = 8.

Therefore, §CA -dt =—4.

(b) The circle with radius of 2 and centered at (1,2) on x-y plane.
Surface Integral: ds = Zdxdy;V x A - ds = —dxdy = —pdpd ¢

jSvXA~ds=—Lz”fpdpd¢=—4zz

Contour Integral: df = $2d¢ ;A - df = 2d¢[— (y+2)sing+4cos ¢]
Using y—2 = 2sing, then A -dt = 2d¢[— (2sin ¢+ 4)sin @+ 4cos¢]. Hence

2z
§CA Lde = jo 2[- (2sin ¢+ 4)sin ¢ + 4 cos plig = —4x.
3-2. Since A =frsin g + (T)r2 ,and V x A in cylindrical coordinates is given by

oF )
vxF =19 f{aFr—an}ml O (r,)-% .
r| ¢ Oz oz or r| or o4

Hence, Vx A =Z(3r—cos¢).
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(a) Specify the path as shown in figure (a) above, then
Along Path 1: ¢ =0,A = §r’,dt = dxbut A, = A, cos¢— A, sing =0, [A.de=0

Pathl

Along Path 2: r =2,A :f'ZSin¢+$4,dl =Qrd¢ :$2d¢ —> A-dl=8d¢,



thus, [A -de = [ 8dg =4z
> Jparn2 0 '
Along Path3: g =7/2,A :f'r+$r2,dl:—§7dybutAy =A,sing+A,cosp=r=y,

2
A-de:—joydy:—z

Path3
Thus, §A-dz=4;z—2.
On the other hand,V x A = Z(3r — cos¢);ds = zrdrd¢,

§ (VxA)-ds=[""[Gr-cosgyrdrdg =" (8~ 2cos g)dp =4z 2
N 0 0 0

(b) Specify the path as shown in figure (b) above, then

Along Path 1: r =1,A = f'sin¢+(i),dl = —(T)rd¢ = —$d¢ > A-dl=—-d¢,
thus [A-dt =—["dg=—

Along Path 2: ¢ =0,A = ¢r dl =XdxbutA = A, cosg—A,sing=0, IA ~df=0

Path?2

Along Path 3: r:Z,A:f‘ZSin¢+(|)4,dl:¢rd¢:¢2d¢—>A-dZ:8d¢,
thus [ A - de_j 8d¢=8r .

Path3

Along Path 4: ¢ = 7, A = §r’,dl = kdxbut A_ = A, cosgp—A,sing=0, LAhé-‘dZ=O
at

Therefore, §A -dt=Tr.
On the other hand, V x A = Z(3r — cos@);ds = Zrdrdg,

VxA)ds=[[ (3 drdg =" (7= cosd)dg =7
ifs( xA)- s—J-O.[l( r —cos@)rdr (15—.[0( —Ecosqzﬁ) p=TTr.
3-3. Arrange the charges in the xy plane at locations (4,4), (4,-4), (-4,4), and (-4,-4). Then the fifth

charge will be on the z axis at location z = 4\/5 , which puts it at 8cm distance from the other four. By
symmetry, the force on the fifth charge will be z-directed, and will be four times the z component of
force produced by each of the four other charges.
_4 ¢ _ 4 107’
T2 dmsd® N2 47(8.85x1072)(0.08)
3-4. The total electric field at P(a, a, a) that produces a force on the charge there will be the sum of
the fields from the other seven charges, i.e.,

=4.0x107*(N)

q X+y+12 y+z X+1Z X+y N

X
47[5002 3\/5 2'\/_ 2\/5 2'\/_ (Oa a)

(0,0,0) (a,0,0) (0,a,0) (0 0,a)

E, .(a,a,a)= + X + Z
a,0

[
) (0,a,a)

The force is now the product of this field and the charge at (a,a,a). Simplifying, one obtains

N .o 1907 . ..
— 4 { }(x+y+z):—qz(x+y+z).
4re, a 3\/_ \/_ 4re,a

3-5. a) The E field at the point P is the sum of contributions due to +¢g and —q. Thus,

F(a,a,a)=qE,  (a,a,a) =



_q r-d/2 r+d/2
4z, er/zf ) |r+d/2|3}'

b) If d << r, then the following approximation can be applied
r-d/2” =[R>—r-d+da’/4]"

N

2

r.d -3/2
R{l— - } (Ignore the term d* / 4)

I

R {1 + %;—?} (Apply the binomial expansion and ignore higher - order terms)

2 R’
Using these two results in a) yields

q r-d 1 r-p
E= 3—r-d|= 3 r— here p = ¢d.
47ngR3[ R } 47ngR3{ R’ p}w p=a

Likewise, [r+d /2 = R3[1 _ar d} :




