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APPENDIX

VECTOR ANALYSIS

VECTOR TRANSFORMATIONS

In this appendix we will indicate the vector transformations from rectangular-to-
cylindrical (and vice versa), from cylindrical-to-spherical (and vice versa), and from
rectangular-to-spherical (and vice versa). The three coordinate systems are shown in
Figure II-1.

Rectangular-to-Cylindrical (and Vice Versa)

The coordinate transformation from rectangular (x, y, z) to cylindrical (p, ¢, z) is
given, referring to Figure II-1(b):

X = pCcos¢o
y=opsing
z=1z (11-1)

In the rectangular coordinate system we express a vector A as
A=d4,A,+d,A,+4d.4, (11-2)
where d,, d,, d, are the unit vectors and A, 4,, 4, are the components of the
vector A in the rectangular coordinate system. We wish to write A as
A=ad,4,+d,4,+d,A, (11-3)
where 4, a,, a, are the unit vectors and 4, A, A, are the vector components in

the cylindrical coordinate system. The z axis is common to both of them.
Referring to Figure 1I-2, we can write

d,=d,cos¢ — d,sing
d,=d,sing + d,cos¢
d,=ad, (11-4)
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FIGURE II-1 (a) Rectangular, (b) cylindrical, and (c¢) spherical coordinate
systems. (Source: C. A. Balanis, Antenna Theory: Analysis and Design;
copyright © 1982, John Wiley & Sons, Inc.; reprinted by permission of
John Wiley & Sons, Inc.)

Using (11-4) reduces (I1-2) to
A= ([ipcosqb -d, sinq))AX + (ép sing + d, cos ¢)Ay +d,A,
A=4d,(A.cosp+ A,sing) + d,(—A,sing + A,cosd) +d,A, (II-5)
which when compared with (I1-3) leads to
A, =A,cos¢ + A4, sin¢g
A,= —A,sing + A, cos ¢
A,=A, (11-6)
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FIGURE 1I-2 Geometrical representation of transformation be-
tween unit vectors of rectangular and cylindrical coordi-
nate systems. (Source: C. A. Balanis, Antenna Theory:
Analysis and Design; copyright © 1982, John Wiley &
Sons, Inc.; reprinted by permission of John Wiley &
Sons, Inc) (a) Geometry for unit vector 4,. (b)
Geometry for unit vector 4,.

In matrix form, (I1-6) can be written as

4, cos¢ sing O A,
Ay | =| —sing cos¢ 0|4, (11-6a)
A, 0 0 1/14,
where
cos¢ sing O
[4],.=| —sin¢ cos¢ O (I1-6b)
0 0 1

is the transformation matrix for rectangular-to-cylindrical components.
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Since [A],. is an orthonormal matrix (its inverse is equal to its transpose), we
can write the transformation matrix for cylindrical-to-rectangular components as

cos¢ —sing O
[4]., = (4], = [4]}. = | sine cos¢ 0 (11-7)
0 0 1
or
A, cos¢ —sing 0 4,
A, = |sing cos¢p 0| A, (11-7a)
A, 0 0 1/1 4,
or
A, =A,cos — A,sin¢
A,=A,sing + A,cos ¢
A4, =4, (11-7b)

Cylindrical-to-Spherical (and Vice Versa)

Referring to Figure II-1(c), we can write that the cylindrical and spherical coordi-
nates are related by

p=rsinf

z=rcosfl (11-8)

In a geometrical approach similar to the one employed in the previous section, we
can show that the cylindrical-to-spherical transformation of vector components is
given by

A, = A,sinf + A,cos 8§
Ag=A,cos0 — A,sind

A, =4, (11-9)
or in matrix form by
A, sinf 0 cos@\ [ A4,
Ag| =|cos8 0 —sinf |[A4, (11-9a)
A4, 0 1 0 A,
Thus the cylindrical-to-spherical transformation matrix can be written as
sind 0 cos
[A],,=|cos§ O —sind (11-9b)
0 1 0
The [A],, matrix is also orthonormal so that its inverse is given by
. . sin 8 cosfd O
[A]sc= [A]cs = [A]cs= 0 0 1 (II-lO)
cosf —singd 0
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II.1.3

and the spherical-to-cylindrical transformation is accomplished by

4, sin § cos@ 0}/ A4,
Ay =1 0 0 11| 44 (11-10a)
A, cosf —sinf 0|4,

or
A, =A,sinb + Agcos
A, =4,
A,=A,cos8 — Agsinb (11-10b)

This time the component 4, and coordinate ¢ are the same in both systems.

Rectangular-to-Spherical (and Vice Versa)

Many times it may be required that a transformation be performed directly from
rectangular-to-spherical components. By referring to Figure II-1, we can write that
the rectangular and spherical coordinates are related by

x = rsinfcos ¢
y=rsindsing
z=rcosf (11-11)
and the rectangular and spherical components by
A, = A, sinfcos¢ + A, sinfsing + A cos b
Ag=A,cosfcosd + A, cosfsing — 4,sinb
A,= —A,sin¢ + A cos o (11-12)

which can also be obtained by substituting (I1I-6) into (II-9). In matrix form, (I1I-12)
can be written as

A, sinfcos¢ sinfsing cos@) (A,
Ag| = |cosficos¢p cosfsing —sinf || A4, (11-12a)
A, —sin¢g cos ¢ 0 A,

with the rectangular-to-spherical transformation matrix being

sinfcos¢ sinf sin¢ cos @
[4],=|cosfcosp cosfsing ~—sinf (1I-12b)
—sing cos ¢ 0

The transformation matrix of (II-12b) is also orthonormal so that its inverse
can be written as

sinffcos¢ cosfcos¢ —sing
[4], = [A].} = [A]% = |sin@sing cos@sing  cosg | (II-13)
cos 8 —sin @ 0

and the spherical-to-rectangular components related by

A, sinfcos¢p cosfcos¢p —sing [ A,
A,| =|sinfsing cosfsing coso || 4, (I1-13a)
A cos @ —sin 0 A,

z
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or
A, =A,sinfcos¢ + Aycosfcosp — A, sing
A, =A,sinfsind + Agcos §sing + A4,cos ¢
A, = A,cos — Aysinf (11-13b)

IL2  VECTOR DIFFERENTIAL OPERATORS

The differential operators of gradient of a scalar (V4), dlvergence of a vector
(V « A), curl of a vector (V X A), Laplacian of a scalar (V xp) and Laplacian of a
vector (V A) frequently encountered in electromagnetic field analysis will be listed
in the rectangular, cylindrical, and spherical coordinate systems.

I1.2.1 Rectangular Coordinates

Vy=4,—+8,— +d,— (11-14)

VeA=—+4+ 2 4 -
ax dy dz (II-15)
o xAog |t 4N (04, 04, 04, 94 6
= —_ + 7] - -
s dy dz ( dz 3x) %\ Tox dy ( )
VR LR EY)
V eVYy=Vi=—1 4 — 4+ — -
¥ v ax*  3y? dz2 (1-17)
VA=4, VA +3,V4,+ 4,9, (11-18)
I1.2.2 Cylindrical Coordinates
L 9y 1y Ay
v +a4,—— +4,— -
Y= "ap a¢p 7e a,— (11-19)
oA L0 (o4.) 134, 94,
A= —— + -——+ -
o % 0 e oz (11-20)
194, 94, 94,  9A,
VXA=4, | —2 —
p 8¢ 82 dz ap
13(p4,) 1294,
+a,|——2L — 11-21
(p dp p8¢ ( )
149/ ay 1 9% %
VY =——|p— -+ — -
v o ap(" 3p) 2 ae | 922 (I1-22)

VA=V(V-A) -V XV XA (11-23)
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or in an expanded form

VA=4

—f +=—r +
Vo> p dp P Pt A o e 377

(aZAp 194, A, 103%, 294, dJ4,
=t

(94, 104, A, 10%4, 234, 84,
+ta, > Tttt + 0=
dp p dp p p- ¢ p- 99 dz
(0%, 144, 10U, 34, 12
+a4,\ — + — + 5=+ -
“\ 907 T o B agr | 97 (11-232)

In the cylindrical coordinate system V A+a Y 24 Y 4 s T4,V ’A, because
the orientation of the unit vectors d, and 4, varies with the p and ¢ coordinates.

I1.2.3 Spherical Coordinates

v 1ay 1 0y
Vv =g G T sino rsind 94 (I-24)
VA= li( 4,) + - (smaA ) + 94, (11-25)
2 9r ng 30 ®7" rsing 3¢
a [ 94,1 a,[ 1 04, @
v XA= rsirrlﬂ[aO(A sind) - 8¢0] f[ma—q, = 57 ()
d, 0A,
v 2o o - | (11-26)
1 90 d 1 a 1 e
v = 75(’2%) * rtsinf 36 (Smoa—j) r?sin’ @ —8_:; (1-27)
VA=V(V:A)-V XV XA (11-28)
or in an expanded form
oo [P 204, 2 19, o804, 1 34,
"\ 9r? r ar r2T 0 r? 962 rr 34 rlsin’8 d¢*
2 94y 2cot0A 2 c')A,b)
r: ae 2 7% 2sing d¢
(9%, 204, A,y 1 324, cot8 94,
T\ 5 T T T e 72 007 | 2 08
1 8™, 204, 2coth 94,
* rZsin?f 93¢ M=IFTI m—éﬁb—)
3%4, 204 1 1 94
4, ¢9r2¢ r 8r¢ B rzsin20A¢+ ?—5@;
cotf 94, 1 9%, 2 94,
r2 96 * r?sin’f 9¢° * r’sind d¢
2cot @ dA,
+ Ton g —(,E) (11-28a)
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Again note that V?A # 4,V 4, + 3,V 4, + a,v 2Aqb since the orientation of the
unit vectors d,, dy, and 4, varies with the r, 6, and ¢ coordinates.

IL.3  VECTOR IDENTITIES

I1.3.1 Addition and Multiplication

A-A=AP (11-29)
A-A* = AP (11-30)
A+B=B+A (11-31)
A-B=B-A (11-32)
AXB=-BxA (11-33)
(A+B)-C=A-C+B-C (11-34)
(A+B)XC=AXC+BxC (11-35)
A*BXC=B-CxA=C-AXB (11-36)
AXx(BxC)=(A-C)B - (A+B)C (11-37)

(AXB)-(CxD)=A-Bx(CxD)

=A+(B:DC - B-CD)

=(A-C)(B-D) - (A-D)(B-C) (11-38)
(AXB)X(CxD)=(AxXxB-D)C-(AXB-C)D (11-39)

I1.3.2 Differentiation

V- (VXA)=0 (11-40)
VXVy=0 (11-41)
V(ip+¢)=Vo+ VY (11-42)
V(¢y) =oVy +¢Ve (11-43)

V. A+B)=V:A+V-B (11-44)
VX(A+B)=VXA+VXB (11-45)
V- (yA)=A-Vy+yV A (11-46)

V X(JA)=VYyXA+yV XA (11-47)
VA‘B)=(A-V)B+(B-V)A+AX(V XB)+BXx(V xA) (I1-48)
V:AXB)=B*VXA-A-V xB (11-49)
VX(AXB)=AV-B-BV:-A+(B:-V)A-(A-V)B (11-50)

VXVXA=V(V+A) VA (11-51)
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IL.3.3 Integration

¢A «dl = ffs(V X A) +ds Stokes’ theorem
c
#;A e ds = f f fV(V «A) dv divergence theorem
(Ax A)ds = (V X A) dv
5 v
#gx,bds = ff vy

¢¢dl=ffsﬁxv¢ds
C

(11-52)
(11-53)
(11-54)
(11-55)

(11-56)



