Vector Calculus

2-5 GRADIENT OF A SCALAR FIELD
Taena 1 avwmnansansauaaalae Keu,, u,, u,

Heuved Gradient A0 The vector that represents both the magnitude and the direction of the maximum space

rate of a scalar
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Example 2-9(a) The Electrostatic field intensity E is given by E = —=V'V . Determine E at the point (1,1,0) if

V=Ve" sin 2
4

2-6 DIVERGENCE OF A VECTOR FIELD
flux line SludeilduansnnunswesauInnes (field strength) 198 field strength = number of flux
lines/unit surface normal to the vector
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div A = the net outward flux of 4 per unit volume as the volume about the point tends to zero
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1A VA 8111 “del dot A” 1%11 V -A=0 Fﬁ)ﬂ’jn‘ﬂu Solenoidal field (divergenceless, divergence-free)

2-7 DIVERGENCE THEOREM
1199910 divergence YBIAUININABS UG the net outward flux per unit volume aaiu 9l Divergence

9
Theorem A4

[ (V-A)dv=§A-ds

the volume integral of the divergence of a vector field equals the total outward flux of the vector through the

surface that bounds the volume
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Example 2-12 Given A =Xx" +§yxy+12yz , ]

verify the divergence theorem over a cube one unit on

each side.
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2-8 CURL OF A VECTOR FIELD
I o a Ao qYa a v & A 1o A o qUa
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Example 2-14 Given a vector field F' = Xxy — y2x , find its Fa

circulation around the path OABO in the figure.
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curlA=VxA= limi[anﬂA'dle
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A
130 a vector whose magnitude is the maximum net circulation of A per unit area as the area tends to zero and

whose direction is the normal direction of the area when the area is oriented to make the net circulation
maximum.
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2-9 STOKES’ THEOREM
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Fig. 2~25 Subdivided area for
proof of Stokes's theorem.

the surface integral of the curl of a vector field over an open surface is equal to the closed line integral of the

vector along the contour bounding the surface
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Example 2-16 Verify Stokes’ theorem for the vector field in Example 2-14 over a quarter-circular disk.
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2-10 TWO NULL IDENTITIES

1. Vx(VV)=0

910 Stokes’ theorem
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2. V-(VxA)=0

970 divergence theorem
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2-11 FIELD CLASSIFICATION AND HELMHOLTZ’S THEOREM
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1. Solenoidal and irrotational iﬁﬁ V.- F=0and VxF =0
2. Solenoidal but not irrotational 81 V-F =0 and VxF = 0
3. Irrotational but not solenoidal {1}1 V-F#0and VxF =0
4. Neither irrotational nor solenoidal 5}1 V.-F#0and VxF =0
o & g 2 A a . Ay 1 g A &
JUU ﬁunJL'JﬂL@]?JiIﬂﬂﬂﬂ@ﬁ]wJ Divergence o Curl VIUlIJL‘II‘L! 0 NN %zxﬂuwammm’dum
solenoidal (laE AUV irrotational
Helmholtz’s Theorem: A vector field is determined if both its divergence and its curl are specified
everywhere.
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F=F, +F
Iﬂﬂclﬁ) F, Lﬂuaum conservative (irrotational) L F, ﬁJuﬁum solenoidal %zxﬁu’h
V-F=V. Fi +V. Fs =V- Fi = g = conservative (irrotational) field component

VxF =V x Fi +V x F‘Y =Vx FS = G = solenoidal field component
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Tunnduuman Wi $niden 7, A 1 Scalar potential, Vector potential A& 1A
Example Given F = f((3y - ClZ) + )A’(sz —-2z)— i(c3y +2)
(a) Determine the constants ¢,, ¢y, C, if F is irrotational.

(b) Determine the scalar potential ¥ whose negative gradient equals F.



