
Lecture 5-6
Curve Fitting

� Least-square Regression

� Linear Regression & Normal Equations

� Linear and Quadratic Interpolation 

� Newton’s Divided Difference Method

� Lagrange Interpolation

� Spline Interpolation
1
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Motivation

Given a set of experimental data: 

x 1 2 3

y 5.1 5.9 6.3

• The relationship between 

x and y may not be clear.

• Find a function f(x) that 

best fit the data
1         2         3
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Motivation

� In engineering, two types of applications 
are encountered:

� Trend analysis: Predicting values of 
dependent variable, may include extrapolation 
beyond data points or interpolation between 
data points.

� Hypothesis testing: Comparing existing 
mathematical model with measured data.

1. What is the best mathematical function f
that represents the dataset?

2. What is the best criterion to assess the 
fitting of the function f to the data?
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Curve Fitting

Given a set of tabulated data, find a curve 
or a function that best represents the 
data.

Given:

1.The tabulated data

2.The form of the function

3.The curve fitting criteria

Find the unknown coefficients
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Least Squares Regression

Linear Regression

�  Fitting a straight line to a set of paired 

observations:

(x1, y1), (x2, y2),…,(xn, yn).

y=a0+a1x+e

a1-slope.

a0-intercept.

e-error, or residual, between the model 
and the observations.
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Selection of the Functions
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Decide on the Criterion
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Least Squares Regression

xi x1 x2 …. xn

yi y1 y2 …. yn

Given: 

The form of the function is assumed to be 

known but the coefficients are unknown.

222
))(())(( iiiii yxfxfye −=−=

The difference is assumed to be the 

result of experimental error.
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Determine the Unknowns 
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Normal Equations
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Normal Equations



From Linear Algebra

� Let

� Then the matrix equation becomes

n equations 2 unknowns -> no solution 
unless only 2 linearly independent equations
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Normal equation in matrix form

� Let e = y – w = y – Ac where 

w∈∈∈∈R(A), column space of A

� Then the least square solution

occurs when

e ⊥ R(A) -> e ⊥ ai, i=1,…,n

(ai : column vector of A)

� Thus, one obtains

12

yAAcA0eA TTT =→= Normal equation
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Normal Equations in matrix form

� In matrix form:

� Thus

yAAcAcyA
TT
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Example 1: Linear Regression 
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 :Assume

x 1 2 3

y 5.1 5.9 6.3
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Example 1: Linear Regression 

i 1 2 3 sum

xi 1 2 3 6

yi 5.1 5.9 6.3 17.3

xi
2 1 4 9 14

xi yi 5.1 11.8 18.9 35.8

60.04.5667:

8.35146

3.1763

:Equations
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baSolving

ba
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Multiple Linear Regression

Example:

Given the following data:

Determine a function of two variables: 

f(x,t) = a + b x + c t

That best fits the data with the least sum of the 
square of errors. 

t 0 1 2 3

x 0.1 0.4 0.2 0.2

y 3 2 1 2
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Solution of Multiple Linear Regression

Construct     , the sum 

of the square of the 

error and derive the  

necessary conditions by 

equating the partial 

derivatives with respect 

to the unknown 

parameters to zero, then 

solve the equations.

Φ t 0 1 2 3

x 0.1 0.4 0.2 0.2

y 3 2 1 2
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Solution of Multiple Linear Regression
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System of Equations (Normal Equations)
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Normal Equations in Matrix Form
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Example 2: Multiple Linear Regression

i 1 2 3 4 Sum

ti 0 1 2 3 6

xi 0.1 0.4 0.2 0.2 0.9

yi 3 2 1 2 8

xi
2 0.01 0.16 0.04 0.04 0.25

xi ti 0 0.4 0.4 0.6 1.4

xi yi 0.3 0.8 0.2 0.4 1.7

ti
2 0 1 4 9 14

ti yi 0 2 2 6 10
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Example 2: System of Equations

txctbxatxf

cba
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Polynomial Regression

� The least squares method can be extended to fit 
the data to a higher-order polynomial
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Equations for Quadratic Regression
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Normal Equations
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Example 3: Polynomial Regression

Fit a second-order polynomial to the following data
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xi 0 1 2 3 4 5 ∑=15

yi 2.1 7.7 13.6 27.2 40.9 61.1 ∑=152.6

xi
2 0 1 4 9 16 25 ∑=55

xi
3 0 1 8 27 64 125 225

xi
4 0 1 16 81 256 625 ∑=979

xi yi 0 7.7 27.2 81.6 163.6 305.5 ∑=585.6

xi
2 yi 0 7.7 54.4 244.8 654.4 1527.5 ∑=2488.8



Example 3: Equations and Solution
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How Do You Judge Functions?
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Example showing that Quadratic is 

preferable than Linear Regression
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Fitting with Nonlinear Functions
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Fitting with Nonlinear Functions 

EquationsNormal
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Normal Equations 

equations.  normal    thesolve  and  sums    theEvaluate
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Example 4: Evaluating Sums

xi 0.24 0.65 0.95 1.24 1.73 2.01 2.23 2.52 ∑=11.57

yi 0.23 -0.23 -1.1 -0.45 0.27 0.1 -0.29 0.24 ∑=-1.23

(ln xi)2 2.036 0.1856 0.0026 0.0463 0.3004 0.4874 0.6432 0.8543 ∑=4.556

ln(xi) cos(xi) -1.386 -0.3429 -0.0298 0.0699 -0.0869 -0.2969 -0.4912 -0.7514 ∑=-3.316

ln(xi) * exi -1.814 -0.8252 -0.1326 0.7433 3.0918 5.2104 7.4585 11.487 ∑=25.219

yi * ln(xi) -0.328 0.0991 0.0564 -0.0968 0.1480 0.0698 -0.2326 0.2218 ∑=-0.0625

cos(xi)2 0.943 0.6337 0.3384 0.1055 0.0251 0.1808 0.3751 0.6609 ∑=3.26307

cos(xi) * exi 1.235 1.5249 1.5041 1.1224 -0.8942 -3.1735 -5.696 -10.104 ∑=-14.481

yi*cos(xi) 0.223 -0.1831 -0.6399 -0.1462 -0.0428 -0.0425 0.1776 -0.1951 ∑=-0.8485

(exi)2 1.616 3.6693 6.6859 11.941 31.817 55.701 86.488 154.47 ∑=352.39

yi * exi 0.2924 -0.4406 -2.844 -1.555 1.523 0.7463 -2.697 2.9829 ∑=-1.9923
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Example 4: Equations & Solution 

x
exxxf

 ,   c  ,  b  a 

cba

cba

cba

 012398.0)cos( 1074.1)ln(  88815.0)(

Therefore,

012398.01074.188815.0

:equations above  theSolving

992283.1 388.352 4815.14 2192.25

848514.0 4815.14 26307.3 31547.3

062486.0 2192.25 31547.3 55643.4
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 data.    thefitsbest  that     functiona    Find bx
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yi 2.4 5 9
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66087.0  ,23897.0

: EquationsSolving

686.10 14 6

68213.4 6 3

 :Equations
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Evaluating Sums and Solving

xi 1 2 3 ∑=6

yi 2.4 5 9

zi=ln(yi) 0.875469 1.609438 2.197225 ∑=4.68213

xi
2 1 4 9 ∑=14

xi zi 0.875469 3.218876 6.591674 ∑=10.6860
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More Linearization Method

� For a function of the form

� Can use the following linearization:
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Normal Equations in Matrix Form
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Other Transformations for Linearization

41
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Interpolation : Introduction

Interpolation was used 
for long time to provide 
an estimate of a tabulated 
function at values that 
are not available in the 
table.

What is sin (0.15)? 

x sin(x)

0 0.0000

0.1 0.0998

0.2 0.1987

0.3 0.2955

0.4 0.3894

Using Linear Interpolation sin (0.15) ≈ 0.1493

True value (4 decimal digits)  sin (0.15) = 0.1494
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The Interpolation Problem

Given a set of n+1 points, 

Find an nth order polynomial 

that passes through all points, such that:

( ) ( ) ( ))(,....,,)(,,)(, 1100 nn xfxxfxxfx

)(xfn

niforxfxf iin ,...,2,1,0)()( ==
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Example

An experiment is used to 
determine the viscosity of water 
as a function  of temperature. The 
following table is generated:

Problem: Estimate the viscosity 
when the temperature is 8 
degrees.

Temperature

(degree)

Viscosity

0 1.792

5 1.519

10 1.308

15 1.140
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Interpolation Problem

Find a polynomial that fits the data 
points exactly.

)V(TV

TaV(T)

ii

n

k

k

k

=

=∑
=0

tscoefficien

 Polynomial:

eTemperatur:  

Viscosity:  

ka

T

V

Linear Interpolation:  V(T)= 1.73 − 0.0422 T

(Assume straight line @[5,10]) V(8)= 1.3924

Linear Regression : V(T)= 1.765 – 0.433T
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Existence and Uniqueness

Given a set of n+1 points:

Assumption: are distinct

Theorem:

There is a unique polynomial fn(x) of order ≤ n
such that:

,...,n,iforxfxf iin 10)()( ==

nxxx ,...,, 10

( ) ( ) ( ))(,....,,)(,,)(, 1100 nn xfxxfxxfx
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Examples of Polynomial Interpolation

Linear Interpolation

� Given any two points, 
there is one polynomial of 
order ≤ 1 that passes 
through the two points.

Quadratic Interpolation

Given any three points there 
is one polynomial of order ≤ 
2 that passes through the 
three points.



48

Linear Interpolation
Given any two points,

The line that interpolates the two points is:

Example :

Find a polynomial that interpolates (1,2) and (2,4).

( ) ( ))(,,)(, 1100 xfxxfx

( )0
01

01
01

)()(
)()( xx

xx

xfxf
xfxf −

−
−

+=

( ) xxxf 21
12

24
2)(1 =−

−
−

+=
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Quadratic Interpolation
� Given any three points: 

� The polynomial that interpolates the three points is:

( ) ( ) ( ))(, ,)(,,)(, 221100 xfxandxfxxfx

( ) ( )( )

02

01

01

12

12

2102

01

01
101

00

1020102

)()()()(

],,[

)()(
],[

)(

:

)(

xx

xx

xfxf

xx

xfxf

xxxfb

xx

xfxf
xxfb

xfb

where

xxxxbxxbbxf

−
−
−

−
−
−

==

−
−

==

=

−−+−+=
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General nth Order Interpolation

Given any n+1 points:

The polynomial that interpolates all points is:

( ) ( ) ( ))(,..., ,)(,,)(, 1100 nn xfxxfxxfx

( ) ( )( ) ( ) ( )

],...,,[

....

],[

)(

......)(

10

101

00

10102010

nn

nnn

xxxfb

xxfb

xfb

xxxxbxxxxbxxbbxf

=

=

=

−−++−−+−+= −
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Newton’s Divided Differences (DD)

0

11021
10

02

1021
210

01

01
10

],...,,[],...,,[
],...,,[

............

DDorder  Second
],[],[

],,[

DDorder First 
][][

],[

DDorder Zeroth )(][

xx

xxxfxxxf
xxxf

xx

xxfxxf
xxxf

xx

xfxf
xxf

xfxf

k

kk
k

kk

−
−

=

−
−

=

−
−

=

=

−
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Divided Difference Table

x F[ ] F[  , ] F[ ,  , ] F[ , , ,]

x0 F[x0] F[x0,x1] F[x0,x1,x2] F[x0,x1,x2,x3]

x1 F[x1] F[x1,x2] F[x1,x2,x3]

x2 F[x2] F[x2,x3]

x3 F[x3]

( )∑ ∏
=

−

= 







−=
n

i

i

j

jin xxxxxFxf
0

1

0

10 ],...,,[)(
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Divided Difference Table

f(xi)

0 -5

1 -3

-1 -15

ix
x F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

Entries of the divided difference 
table are obtained from the data 
table using simple operations.
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Divided Difference Table

f(xi)

0 -5

1 -3

-1 -15

ixx F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

The first two column of the 

table are the data columns.

Third column:  First order differences.

Fourth column: Second order differences.
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Divided Difference Table

0 -5

1 -3

-1 -15

iyixx F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

2
01

)5(3
=

−
−−−

01

01
10

][][
],[

xx

xfxf
xxf

−
−

=
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Divided Difference Table

0 -5

1 -3

-1 -15

iyixx F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

6
11

)3(15
=

−−
−−−

12

12
21

][][
],[

xx

xfxf
xxf

−
−

=
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Divided Difference Table

0 -5

1 -3

-1 -15

iyixx F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

4
)0(1

)2(6
−=

−−
−

02

1021
210

],[],[
],,[

xx

xxfxxf
xxxf

−
−

=
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Divided Difference Table

0 -5

1 -3

-1 -15

iyixx F[ ] F[  , ] F[ ,  , ]

0 -5 2 -4

1 -3 6

-1 -15

)1)(0(4)0(25)(2 −−−−+−= xxxxf

f2(x)= F[x0]+F[x0,x1] (x-x0)+F[x0,x1,x2] (x-x0)(x-x1)
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Two Examples

x y

1 0

2 3

3 8

Obtain the interpolating polynomials for the two examples:

x y

2 3

1 0

3 8

What do you observe?
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Two Examples

1

)2)(1(1)1(30)(

2

2

−=

−−+−+=

x

xxxxP

x Y

1 0 3 1

2 3 5

3 8

x Y

2 3 3 1

1 0 4

3 8

1

)1)(2(1)2(33)(

2

2

−=

−−+−+=

x

xxxxP

],,[],,[],,[ 012021210 xxxfxxxfxxxf ==

Property: Ordering the points should not affect the divided difference:
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Example

� Find a polynomial to 
interpolate the data.

x f(x)

2 3

4 5

5 1

6 6

7 9
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Example

x f(x) f[ , ] f[ ,  , ] f[ ,  , , ] f[ ,  ,  ,  , ]

2 3 1 -5/3 37/24 -27/40

4 5 -4 9/2 -11/6

5 1 5 -1

6 6 3

7 9

)6)(5)(4)(2(6750.0

)5)(4)(2(5417.1)4)(2(6667.1)2(134

−−−−−

−−−+−−−−+=

xxxx

xxxxxxf
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Interpolation with 
Equally Spaced Data
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Lagrange Interpolation

Problem:

Given 

Find the polynomial of least order           such 
that: 

Lagrange Interpolation 

Formula:

niforxfxf iin ,...,1,0)()( ==

)(xfn

….

….

1x nx

0y 1y ny

ix

iy

( )

( )
( )∏

∑

≠=

=

−

−
=

=

n

ijj ji

j

i

n

i

iin

xx

xx
x

xxfxf

,0

0

)(

)()(

l

l

0x
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Lagrange Interpolation





=

≠
=

ji

ji
x

x

ji

th

i

1

0
)(

:spolynomialorder  n are cardinals The

cardinals.  thecalled are)(

l

l
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Lagrange Interpolation Example

x 1/3 1/4 1

y 2 -1 7( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

{ } { }
{ })4/1)(3/1(27

)1)(3/1(161)1)(4/1(182)(

4/11

4/1

3/11

3/1
)(

14/1

1

3/14/1

3/1
)(

13/1

1

4/13/1

4/1
)(

)()()()()()()(

2

12

1

02

0
2

21

2

01

0
1

20

2

10

1
0

2211002

−−+

−−−−−−=

−
−

−
−

=
−
−

−
−

=

−
−

−
−

=
−
−

−
−

=

−
−

−
−

=
−
−

−
−

=

++=

xx

xxxxxP

xx

xx

xx

xx

xx
x

xx

xx

xx

xx

xx
x

xx

xx

xx

xx

xx
x

xxfxxfxxfxP

l

l

l

lll
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Example

Find a polynomial to interpolate:

Both Newton’s interpolation 

method and Lagrange 
interpolation method must 
give the same answer.

x y

0 1

1 3

2 2

3 5

4 4
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Newton’s Interpolation Method

0 1 2 -3/2 7/6 -5/8

1 3 -1 2 -4/3

2 2 3 -2

3 5 -1

4 4
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Interpolating Polynomial

432
4

4

8

5

12

59

8

95

12

115
1)(

)3)(2)(1(
8

5

)2)(1(
6

7
)1(

2

3
)(21)(

xxxxxf

xxxx

xxxxxxxf

−+−+=

−−−−

−−+−−+=
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Interpolating Polynomial Using 

Lagrange Interpolation Method

24

)3)(2)(1(

)34(

)3(

)24(

)2(

)14(

)1(

)04(

)0(

6

)4)(2)(1(

)43(

)4(

)23(

)2(
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)1(

)03(

)0(

4
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)3(
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)21(

)2(

)01(

)0(

24

)4)(3)(2)(1(
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)20(

)2(
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)1(
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1
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Inverse Interpolation

given is   where,)( : thatsuch  Find

 valuesof a table Given  :Problem

kk yyxfx =

….

….

1x
nx

0y 1y ny

ix

iy

One approach:

Use polynomial interpolation to obtain fn(x) to interpolate the 

data then use Newton’s method to find a solution to x

kn yxf =)(

0x



75

Inverse Interpolation

….

….

1x nx

0y 1y ny

ix

iy

Inverse 
interpolation:

1. Exchange the 
roles of x and y.

2. Perform 
polynomial

Interpolation on 
the new table. 

3. Evaluate 
)( kn yfx =

….

….

iy 0y 1y ny

ix 0x 1x nx

0x
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Inverse Interpolation

x

y

y

x
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Inverse Interpolation

Question:

What is the limitation of inverse 
interpolation?

• The original function has an inverse.

• y1, y2, …, yn must be distinct.
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Inverse Interpolation 
Example

5.2)( that such     Find table. theGiven

 :Problem

=xfx

x 1 2 3

y 3.2 2.0 1.6

3.2 1 -.8333 1.0417

2.0 2 -2.5

1.6 3

2187.1)5.0)(7.0(0417.1)7.0(8333.01)5.2(

)2)(2.3(0417.1)2.3(8333.01)(

2

2

=−+−−==

−−+−−==

fx

yyyyfx
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Errors in polynomial Interpolation

� Polynomial interpolation may lead to 
large errors (especially for high order 
polynomials).

BE CAREFUL

� When an nth order interpolating 
polynomial is used, the error is related 
to the (n+1)th order derivative.
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-5 -4 -3 -2 -1 0 1 2 3 4 5
-0.5

0

0.5

1

1.5

2

true function

10 th order interpolating polynomial

10th Order Polynomial Interpolation 
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1

)1()1(

)1(4
)()(

:Then points). end  the(including b][a, in

points spacedequally 1at   esinterpolatthat 

n degree of polynomialany  beLet 

.)( and b],[a, on continuous is )(

: thatsuch functiona  be)(Let 

+

++








 −
+

≤

+

≤

≤

n

nn

n

ab

n

M
x-Pxf

nf

P(x)

Mxfxf

 xf

Errors in polynomial Interpolation
Theorem
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Example

9

10

1

)1(

th

1034.1
9

6875.1

)10(4

1

)1(4

9  ,1

01

.[0,1.6875] interval in the points) spacedequally  01 (using

 f(x) einterpolat  topolynomialorder  9 use  want toWe

)sin()(

−

+

+

×=






≤








 −
+

≤

==

>≤

=

f(x)-P(x)

n

ab

n

M
f(x)-P(x)
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nforf

 xxf
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Why Splines ?
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2251

1
)(

x
xf

+
=

Table :  Six equidistantly spaced points in [-1, 1] 

 
 
 

 
 

 
 
 

 
 

 
  

         Figure : 5th order polynomial vs. exact function 

x  2251

1

x
y

+
=

-1.0 0.038461 

-0.6 0.1 

-0.2 0.5 

0.2 0.5 

0.6 0.1 

1.0 0.038461 
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Why Splines ?

Figure : Higher order polynomial interpolation is a bad idea

-0.8

-0.4

0

0.4

0.8

1.2

-1 -0.5 0 0.5 1

x

y

19th Order Polynomial f (x) 5th Order Polynomial
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Linear Interpolation

Given ( ) ( ) ( )( )
nnnn

yxyxyxyx ,,,......,,,, 111100 −− , fit linear splines to the data.  This simply involves 

forming the consecutive data through straight lines.  So if the above data is given in an ascending 

order, the linear splines are given by ( ))( ii xfy =  

Figure : Linear splines 



86

Linear Interpolation (contd)

),(
)()(

)()( 0

01

01

0 xx
xx

xfxf
xfxf −

−

−
+=  10 xxx ≤≤  

         ),(
)()(

)( 1

12

12

1 xx
xx

xfxf
xf −

−

−
+=  21 xxx ≤≤  

  . 

  . 

  . 

         ),(
)()(

)( 1

1

1

1 −
−

−
− −

−

−
+=

n

nn

nn

n
xx

xx

xfxf
xf  

nn
xxx ≤≤−1  

Note the terms of 

 
1

1)()(

−

−

−

−

ii

ii

xx

xfxf
 

in the above function are simply slopes between 1−ix  and ix . 



Example

The upward velocity of a rocket is given 
as a function of time in Table 1. Find the 
velocity at t=16 seconds using linear 
splines.
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Table Velocity as a 
function of time

Figure. Velocity vs. time data 
for the rocket example

(s) (m/s)

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

t )(tv
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Linear Interpolation

10 12 14 16 18 20 22 24
350

400

450

500

550
517.35

362.78

y s

f range( )

f x desired( )

x s
1

10+x s
0

10− x s range, x desired,

,150 =t  78.362)( 0 =tv  

,201 =t  35.517)( 1 =tv  

)(
)()(

)()( 0

01

01

0 tt
tt

tvtv
tvtv −

−

−
+=  

       )15(
1520

78.36235.517
78.362 −

−

−
+= t  

)15(913.3078.362)( −+= ttv  

At ,16=t  

)1516(913.3078.362)16( −+=v  

          7.393=  m/s 



Quadratic Interpolation

89

Given ( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −− , fit quadratic splines through the data.  The splines 

are given by 

 ,)( 11

2

1 cxbxaxf ++=  10 xxx ≤≤  

          ,22

2

2 cxbxa ++=  21 xxx ≤≤  

  . 

  . 

  . 

          ,2

nnn cxbxa ++=  nn xxx ≤≤−1  

Find ,ia ,ib ,ic =i 1, 2, …, n 
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Quadratic Interpolation (contd)

Each quadratic spline goes through two consecutive data points 

)( 0101

2

01 xfcxbxa =++  

)( 1111

2

11 xfcxbxa =++  . 

 . 

 . 

)( 11

2

1 −−− =++ iiiiii xfcxbxa  

)(
2

iiiiii xfcxbxa =++  . 

 . 

 . 

)( 11

2

1 −−− =++ nnnnnn xfcxbxa  

)(
2

nnnnnn xfcxbxa =++  

This condition gives 2n equations 
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Quadratic Splines (contd)

The first derivatives of two quadratic splines are continuous at the interior points.   

For example, the derivative of the first spline  

11

2

1 cxbxa ++    is  112 bxa +  

The derivative of the second spline   

22

2

2 cxbxa ++  is  222 bxa +  

and the two are equal at 1xx =  giving 

 212111 22 bxabxa +=+  

 022 212111 =−−+ bxabxa  
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Quadratic Splines (contd)

Similarly at the other interior points, 

 022 323222 =−−+ bxabxa  

  . 

  . 

  . 

 022 11 =−−+ ++ iiiiii bxabxa  

  . 

  . 

  . 

 022 1111 =−−+ −−−− nnnnnn bxabxa  

We have (n-1) such equations.  The total number of equations is )13()1()2( −=−+ nnn . 

We can assume that the first spline is linear, that is 01 =a   
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Quadratic Splines (contd)

This gives us ‘3n’ equations and ‘3n’ unknowns. Once we find the ‘3n’ constants,  

we can find the function at any value of ‘x’ using the splines,  

 ,)( 11

2

1 cxbxaxf ++=  10 xxx ≤≤  

          ,22

2

2 cxbxa ++=  21 xxx ≤≤  

  . 

  . 

  . 

          ,2

nnn cxbxa ++=  nn xxx ≤≤−1  



Quadratic Spline Example

The upward velocity of a rocket is given as a function of time. 
Using quadratic splines
a) Find the velocity at t=16 seconds
b) Find the acceleration at t=16 seconds
c) Find the distance covered between t=11 and t=16 seconds
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Table Velocity as a 
function of time

Figure. Velocity vs. time data 
for the rocket example

(s) (m/s)

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

t )(tv



Solution
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,)( 11

2

1 ctbtatv ++= 100 ≤≤ t

,22

2

2 ctbta ++= 1510 ≤≤ t

,33

2

3 ctbta ++= 2015 ≤≤ t

,44

2

4 ctbta ++= 5.2220 ≤≤ t

,55

2

5 ctbta ++= 305.22 ≤≤ t

Let us set up the equations



96

Each Spline Goes Through Two 

Consecutive Data Points

,)( 11

2

1 ctbtatv ++= 100 ≤≤ t

0)0()0( 11

2

1 =++ cba

04.227)10()10( 11

2

1 =++ cba
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t v(t)

s m/s

0 0

10 227.04

15 362.78

20 517.35

22.5 602.97

30 901.67

Each Spline Goes Through Two 

Consecutive Data Points

04.227)10()10( 22

2

2 =++ cba

78.362)15()15( 22

2

2 =++ cba

78.362)15()15( 33

2

3 =++ cba

35.517)20()20( 33

2

3 =++ cba

67.901)30()30( 55

2

5 =++ cba

35.517)20()20( 44

2

4 =++ cba

97.602)5.22()5.22( 44

2

4 =++ cba

97.602)5.22()5.22( 55

2

5 =++ cba
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Derivatives are Continuous at 

Interior Data Points

,)( 11

2

1 ctbtatv ++= 100 ≤≤ t

,22

2

2 ctbta ++= 1510 ≤≤ t

( ) ( )
10

22

2

2

10

11

2

1

==

++=++
tt

ctbta
dt

d
ctbta

dt

d

( ) ( )
10221011 22
==

+=+
tt

btabta

( ) ( ) 2211 102102 baba +=+

02020 2211 =−−+ baba
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Derivatives are continuous at 

Interior Data Points

0)10(2)10(2 2211 =−−+ baba

0)15(2)15(2 3322 =−−+ baba

0)20(2)20(2 4433 =−−+ baba

0)5.22(2)5.22(2 5544 =−−+ baba

At t=10

At t=15

At t=20

At t=22.5

Last Equation 01 =a



Final Set of Equations
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Coefficients of Spline
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i ai bi ci

1 0 22.704 0

2 0.8888 4.928 88.88

3 −0.1356 35.66 −141.61

4 1.6048 −33.956 554.55

5 0.20889 28.86 −152.13



Final Solution
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,704.22)( ttv = 100 ≤≤ t

,88.88928.48888.0 2 ++= tt 1510 ≤≤ t

,61.14166.351356.0 2 −+−= tt 2015 ≤≤ t

,55.554956.336048.1 2 +−= tt 5.2220 ≤≤ t

,13.15286.2820889.0 2 −+= tt 305.22 ≤≤ t



Velocity at a Particular Point

a) Velocity at t=16
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,704.22)( ttv = 100 ≤≤ t

,88.88928.48888.0 2 ++= tt 1510 ≤≤ t

,61.14166.351356.0 2 −+−= tt 2015 ≤≤ t

,55.554956.336048.1 2 +−= tt 5.2220 ≤≤ t

,13.15286.2820889.0 2 −+= tt 305.22 ≤≤ t

( ) ( ) ( )
m/s24.394

61.1411666.35161356.016
2

=

−+−=v
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Acceleration from Velocity 
Profile

16
)()16(

=
=

t
tv

dt

d
a

b) The quadratic spline valid at t=16 is 
given by

)61.14166.351356.0()( 2 −+−= tt
dt

d
ta

,66.352712.0 +−= t 2015 ≤≤ t

66.35)16(2712.0)16( +−=a
2m/s321.31=

( ) ,61.14166.351356.0 2 −+−= tttv 2015 ≤≤ t



Distance from Velocity Profile

c) Find the distance covered by the rocket from 
t=11s to t=16s.
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( ) ( ) ∫=−
16

11

)(1116 dttvSS

( )
2015,61.14166.351356.0

1510,88.88928.48888.0

2

2

≤≤−+−=

≤≤++=

ttt

ttttv

( ) ( ) ( ) ( ) ( )

( ) ( )

m9.1595

61.14166.351356.088.88928.48888.0

1116

16

15

2

15

11

2

16

11

15

11

16

15

=

−+−+++=

+==−

∫∫

∫ ∫ ∫

dtttdttt

dttvdttvdttvSS


