


inition of Graph

Definition: In a connected graph G of n nodes
(vertices), the subgraph T that satisfies the
following properties is called a tree.

T is connected

T contains all the vertices of G

T contains no circuit,

T contains exactly n-1 number of edges.

In every connected graph G there exists at
least one tree.




Prree & Co-tree

* Let G have p separated parts G, G, ..., Gp,
that is G=G,UG,U...UG,, and let T; be a tree
in G,, i=1,2,...,p, then, T=T, UT.... T, is
called a forest of G.

e DEFINITION: The complement of a tree is
called a co-tree and the complement of a
forest is called a co-forest. The edges of a
tree or a forest are called branches and the
edges of a co-tree or co-forest are called

links (chords).




O possible trees and corresponding co-trees:

T, ={e,,e3.€,, 6} T, ={e,e,,65.6} T, ={e,,e5,65,¢}
! ! !

I :{61766} T, :{63764} I :{61’64}

T, ={e,e,e,60  Ts={e,e,¢e,6} Ty={e,e,,¢,6}
! !/ !

T, :{83’65} I :{ez’es} I :{63’66}

T, ={e,e5,65,6} T ={e,,e5,6,61 T, ={e,e;,¢,,65}
!/ ! !

T, :{62764} T :{epes} 1, :{62’66}




sk s Ny

DEFINTTION: Let G be a graph and let b
and [ be respectively the number of

branches and chords of G, then b and [ are
called respectively the rank and the nullity
of the graph.

THEOREM: Let G have n nodes, e edges
and p connected parts, then its rank and
nullity are given respectively by

b=n-p
and
[=e-n+p




-undamental Circuit (f-circuit

DEFINITION: Let G be a connected graph
and let T and T be tree and co-tree
respectively, that is G=TUT'. Let a link e’ T’
and its unique tree path (a path which is
formed by the branches of T) define a circuit.
This circuit is called the fundamental circuit
(f-circuit) of G. All such circuits defined by
all the chords of T” are called the
fundamental circuits (f-circuits) of G. If G is
not connected, then the f-circuits are defined
with respect to a forest.



/7. g ) . . . .
e Note that the number of f-circuits is given by the nullity of
G and that, with respect to a chosen tree T of G, each f-
circuit contains one and only link.

Consider the following graph

f-circuits: Nullity of G

Cr=1€3,€1:62}, [=e-n+p=8-6+1=3
Cr=1{€c:C5,€4:€5 1},

Ci3=1€7,€5,€4,€5)



-Set

e DEFINITION: The cut-set of a graph G is the
subgraph G, of G consisting of the set of edges
satistying the following properties:

e The removal of G, from G reduces the rank of G
exactly by one.

e No proper subgraph of G, has this property.

If G is connected, then the first property in the
above definition can be replaced by the following
phrase.

e The removal of G, from G separates the given
connected graph G into exactly two connected
subgraphs.



“ut-set example

Consider the following graph and the following set of edges

G ={e, e} —=P is also a cut-set
G.=le c.e) ==p Cut-set

G;={e,,e; e, e,y —> IS Not a cut-set, because the removal of G,

c - from G results in three connected subgraphs
: e e is not a cut-set, because a subset of G, is

cut-set



ndamental c

DEFINITION: Let G

ut-set (f-

be a connected graph and let T

be its tree. The branch e, cT defines a unique cut-set
(a cut-set which is formed by e, and the links of G).

This cut-set is called

| the fundamental cut-set (f-

cutset) of G. All such cut-sets defined by all the

branches of T are ca!
cutsets) of G. If G is

led the fundamental cut-sets (f-
not connected then the f-cut

sets are defined with respect to a forest.

Note that the number of fundamental cut-sets is given
by the rank of G and with respect to a chosen tree T of G,
each fundamental cut-set contains one and only one

branch.



f-cutset example

Consider the following graph with T={e;,e,,e,,e:,eg}

/ f-cutsets:
Xp={€y,€3} Xp={€3,€3}
Xf3={e4le6le7} Xf4={e51e6le7}

Xis=1{ €g,€6,E7 }



rices of Directe

* The edge e, which has a direction from node v, to node v,
simply indicates that any transmission from v, to v, along e,
IS assumed to be positive.

 Any transmission from v, to v, along e, is assumed to be
negative.



ncidence Matrix

*DEFINITION: Let e and n represent respectively
the number of edges and nodes of a graph G. The
incidence matrix

having

A, =la;]

nxe
n rows and e columns with its elements

are defined as

-

1 1f ec

—1 1f ed

ge jincident to node i and oriented "outward"

ge jincident to node i and oriented "inward"

6 e

.

ge j not incident to node i



idence Matrix

\4|

Incident Matrix: Y2

edgevivamdve v e S O Ov liinede
g g G e R g I
1 b 6 0 00 0 00 8y L
0 -1 -1 1 1 0 0 0 0 0 o/|3 AnycolumnofA
0O 0 0 -1 0 1 0 0 0 1 o0]la containsexactlytwo
A= nonzero entries of
e e opposite sign.
e e s
e L T
00000 00 S0 08




uced Incidence

o DEFINITION: For a connected graph G, the matrix A,
obtained by deleting any one of the rows of the
incidence matrix A, is called the reduced incidence
matrix.

* Note that since any column of A, contains exactly two
nonzero entries of opposite sign, one can uniquely
determine the incident matrix when the reduced
incident matrix is given.

* Note also that the rank of A, is n-1.



circuit Matrix

*In a graph G, let k be the number of circuits and let
an arbitrary circuit orientation be assigned to each one

of these circuits.
e DEFINITION: The circuit matrix

B =[b,)

kxe
for a graph G of e edges and k circuits is defined as

1 1if edge jincident to circuiti with "same" orientation

—1 1f edge j incident to circuit i with "opposite" orientation

0 1f edge j not incident to circuit i

\



cuit Matrix
*Consider the following graph
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ircuit Matrix —

*Let b, represent the row of B that corresponds to
circuit ¢;. The circuits ¢;,...,¢c; are independent if the
rows b;,... b;are independent.

e DEFINITION: The f-circuit matrix Byof a graph G
with respect to some tree T is defined as the circuit
matrix consisting of the fundamental circuits of G only
whose orientations are chosen in the same direction as

that of defining links.

*The fundamental circuit matrix B¢ of a graph G with
respect to some tree T can always be written as

B, =[UB,,]

[xe



*Consider the following graph with T’ = {e ,e, e }

A\ 6'3 V2
Cy
% €s
Vy C6 vV,
edge 1 3 5 2 6
L0 0 L 0 0
sz Qi Qs
_O el 1_
-lu B,,]




ncidence & Circuit Matrices

o THEOREM: If the column orderings of the

circuit and incident matrices are identical
then

AB. =0
B\ I
* Also
AB =0

BA ' =0
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*Consider the following graph
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*In a graph G let x be the number of cut-sets having
arbitrary orientations. Then, we have the following
definition.

eDEFINITION: The cut-set matrix

Q — [qij]

for a graph G of e edges and x cut-sets is defined as

-

1 it edge jin cut-seti with e¢;, x; "same"” orientation

J\

—1 1f edge jin cut-seti with e, x; "opposite” orientation

0 1f edge jnotincut-seti

.



Cut-set Matrix

*Consider the following graph and its seven possible

cut-sets
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ut-set Matrix —

e DEFINITION: The f-cutset matrix Qof a graph G
with respect to some tree T is defined as the cut-set
matrix consisting of the fundamental cut-set of G only
whose orientations are chosen in the same direction as
that of defining branches.

*The fundamental cut-set matrix A, of a graph G with
respect to some tree T can always be written as

Q f =[U Q]
bx(e b)
* Recall that b = n-1






PCut-set & Circuit Matri
* THEOREM: If the column orderings of the
circuit and incident matrices are identical

then
QB =0
B.Q' =0
* Also fQ
QB' =0

BQ’ =0
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IDAMENTAL PO

*Now, Let G be a connected graph having e edges

and let
X" =[x (1), (). ()]

and
Y =[Y1(t)’y2(t)"”ye(t)]

be two vectors where x; and y,, i=1,...,e,
correspond to the across and through variables
associated with the edge i respectively.



E, ! NDAI\/IENTALM

°2. POSTULATE Let B be the circuit matrix of the
graph G having e edges then we can write the
following algebraic equation for the across variables

of G (e.g., edge voltage)
Bx=0= KVL

*3. POSTULATE Let Q be the cut-set matrix of the
graph G having e edges then we can write the
following algebraic equation for the through
variables of G (e.g., edge current)

Oy -0 K(I



~* Consider a graph G and a tree T in G. Let the vectors v
and i partitioned as

e
V — [Vlli’lk Vbranch] p 1 [lbl"al’lCh lllnk]

* Then

Vv, i -
va - [U Bf12 link —() in — [U Qfll .bmnch — 0

\ branch _| 1 link

Vik =B 15V pranc Lyanen = —Q fll link

fundamental circuit equation fundamental cut-set equation



Series & Paratl

» Definition: Two edges e, and e, are said to be connected
in series if they have exactly one common vertex of
degree two.

* Definition: Two edges e, and e, are said to be connected
in parallel if they are incident at the same pair of
vertices v; and v,




p&theral Proc f

| =

Draw a graph and then identity a tree.

Place all control-voltage branches for voltage-
controlled dependent sources in the tree, if
possible.

Place all control-current branches for
current-controlled dependent sources in the
cotree, if possible.

Find incidence, f-circuit, or f-cutset matrix.

Replace voltage, current sources with short,
open circuits, respectively.

Formulate the matrix equation.
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