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Lecture 8
Numerical Integration

 Trapezoid Method (Newton-Cotes Methods)

 Simpson Method
 Romberg Method
 Gauss Quadrature
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Integration

Indefinite Integrals

(antiderivatives)

Indefinite Integrals of a 
function are functions
that differ from each 
other by a constant.
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Fundamental Theorem of Calculus
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The Area Under the Curve
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One interpretation of the definite integral is: 

Integral = area under the curve
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Upper and Lower Sums
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Upper and Lower Sums
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Example
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Example
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Upper and Lower Sums

• Estimates based on Upper and Lower 
Sums are easy to obtain for monotonic
functions (always increasing or always 
decreasing).

• For non-monotonic functions, finding 
maximum and minimum of the function 
can be difficult and other methods can be  
more attractive. 
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Midpoint Rule

 Recall that

 In Midpoint Rule, the function is 
approximated by a value of function at 
midpoint.

 Thus, for the midpoint rule with n equal 
segments and define h = (b-a)/n,

bxaxxfdxxf i

b

a

n

i

i
x

 



;)(lim)(

1
0

2
)12(;)()(

1

h
iaxhxfdxxf i

b

a

n

i

i  




11

Newton-Cotes Methods

 In Newton-Cotes Methods, the 
function is approximated by a 
polynomial of order n.

 Computing the integral of a polynomial 
is easy.
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Newton-Cotes Methods

 Trapezoid Method (First Order Polynomials are used)

 Simpson 1/3 Rule (Second Order Polynomials are used)

 Note that midpoint rule is equivalent to using zeroth
order.
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Trapezoid Method
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Trapezoid Method
Multiple Segments Application Rule
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Trapezoid Method
General Formula and Special Case
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Example

Given a tabulated 

values of the velocity of 

an object. 

Obtain an estimate of 

the distance traveled in 

the interval [0,3].

Time (s) 0.0 1.0 2.0 3.0

Velocity (m/s) 0.0 10 12 14

Distance = integral of the velocity 
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Example 1
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Error in estimating the integral
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Estimating the Error 
For Trapezoid Method
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Example
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Example
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Example

 

 

9.5

7.21.2
2

1
8.24.32.35.0

)()(
2

1
)()( 0

1

1

3

1








 












 




n

n

i

i xfxfxfhdxxf

x 1.0 1.5 2.0 2.5 3.0

f(x) 2.1 3.2 3.4 2.8 2.7



25

Recursive Trapezoid Method
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Recursive Trapezoid Method
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Recursive Trapezoid Method
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Recursive Trapezoid Method
Formulas
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Recursive Trapezoid Method
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Example on Recursive Trapezoid

30

error  theestimate  then R(3,0)computingby   )sin(

:estimate    tomethod  Trapezoid Recursive Use

2/

0




dxx

n h R(n,0)

0 (b-a)=/2 (/4)[sin(0) + sin(/2)]=0.785398 

1 (b-a)/2=/4 R(0,0)/2 + (/4) sin(/4) = 0.948059

2 (b-a)/4=/8 R(1,0)/2 + (/8)[sin(/8)+sin(3/8)] = 0.987116

3 (b-a)/8=/16 R(2,0)/2 + (/16)[sin(/16)+sin(3/16)+sin(5/16)+ 
sin(7/16)] = 0.996785

Estimated Error = |R(3,0) – R(2,0)| = 0.009669
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Advantages of Recursive Trapezoid

Recursive Trapezoid:

 Gives the same answer as the standard 
Trapezoid method. 

 Makes use of the available information to 
reduce the computation time.

 Useful if the number of iterations is not 
known in advance.



Basis of Simpson’s 1/3rd Rule

Trapezoidal rule was based on approximating the 
integrand by a first order polynomial, and then 
integrating the polynomial in the interval of 
integration.  Simpson’s 1/3rd rule is an extension of 
Trapezoidal rule where the integrand is 
approximated by a second order polynomial.
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Basis of Simpson’s 1/3rd Rule
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Basis of Simpson’s 1/3rd Rule
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Basis of Simpson’s 1/3rd Rule

Substituting values of a0, a1, a 2 give
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Since for Simpson’s 1/3rd Rule, the interval [a, b] is broken 
into 2 segments, the segment width h = (b – a)/2
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Because the above form has 1/3 in its formula, it is called 
Simpson’s 1/3rd Rule.
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Example 1

a) Use Simpson’s 1/3rd Rule to find the approximate 
value of x 

The distance covered by a rocket from t=8 to t=30 
is given by 
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b) Find the true error,  tE

c) Find the absolute relative true error, t
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ln2000
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

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


 
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
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Multiple Segment Simpson’s 1/3rd Rule
Just like in multiple segment Trapezoidal Rule, one can 
subdivide the interval [a, b] into  n segments and apply 
Simpson’s 1/3rd Rule repeatedly over every two 
segments.  Note that n needs to be even.  Divide 
interval [a, b] into  equal segments, hence the segment 
width 

n
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 bxaxdxxfdxxf n
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Multiple Segment Simpson’s 1/3rd Rule
Apply Simpson’s 1/3rd Rule over each interval,
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Multiple Segment Simpson’s 1/3rd Rule

Then
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Multiple Segment Simpson’s 1/3rd Rule
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a) Use four segment Simpson’s 1/3rd Rule 
to find the approximate value  of x.

b) Find the true error,      for part (a).
c) Find the absolute relative true error,      

for part (a).
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Example 2

Use 4-segment Simpson’s 1/3rd Rule to 
approximate the distance covered by a 
rocket from t= 8 to t=30 as given by

tE

 






 








30

8

8.9
2100140000

140000
ln2000 dtt

t
x

a
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Solution

a) Using n segment Simpson’s 1/3rd Rule,

4

830
h 5.5

So )8()( 0 ftf 

)5.58()( 1  ftf )5.13(f

)5.55.13()( 2  ftf )19(f

)5.519()( 3  ftf )5.24(f

)( 4tf )30(f
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Solution (cont.)

 

 
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Solution (cont.)

In this case, the true error is

64.1106134.11061 tE

b)

m30.0

The absolute relative true error

%100
34.11061

64.1106134.11061



t

c)

%0027.0
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Solution (cont.)

Table 1: Values of Simpson’s 1/3rd Rule for 
Example 2 with multiple segments

n Approximate Value Et |Єt |

2

4

6

8

10

11065.72

11061.64

11061.40

11061.35

11061.34

4.38

0.30

0.06

0.01

0.00

0.0396%

0.0027%

0.0005%

0.0001%

0.0000%
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Error in the Multiple Segment 

Simpson’s 1/3rd Rule

The true error in a single application of Simpson’s 
1/3rd Rule is given as

baf
ab

Et 


 ),(
2880

)( )4(
5

In Multiple Segment Simpson’s 1/3rd Rule, the error 
is the sum of the errors in each application of 
Simpson’s 1/3rd Rule.  The error in n segment 
Simpson’s 1/3rd Rule is given by 
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Error in the Multiple Segment 

Simpson’s 1/3rd Rule
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Hence, the total error in Multiple Segment Simpson’s 1/3rd Rule is 
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Error in the Multiple Segment 

Simpson’s 1/3rd Rule

The term 

n

f

n

i
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

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)4( )(
is an approximate average value of 
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 Simpson’s 3/8 rule uses a third order 
polynomial

 need 3 intervals (4 data points) 

 Determine a’s with Lagrange polynomial

 For evenly spaced points

3

3

2

2103 )()( xaxaxaaxpxf      
3
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3

0
3

x

x

x

x
dxxpdxxfI

Simpson’s 3/8 Rule

        3210 33
8

3
xfxfxxfhI 

3

ab
h


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Same order as 1/3 Rule.

 More function evaluations.

 Interval width, h, is smaller.

 Integrates a cubic exactly:

    04 f

   453

80
tE h f   )( 4

hO

Error
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Comparison

 Simpson’s 1/3 rule and Simpson’s 3/8 rule 
have the same order of error
 O(h4)

 trapezoidal rule has an error of O(h2)

 Simpson’s 1/3 rule requires even number
of segments.

 Simpson’s 3/8 rule requires multiples of 
three segments.

 Both Simpson’s methods require evenly 
spaced data points
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n = 10 points  9 intervals

 First 6 intervals - Simpson’s 1/3

 Last 3 intervals - Simpson’s 3/8

Simpson’s 1/3

Simpson’s 3/8

Mixing Techniques
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Adaptive Simpson’s Scheme

 Recall Simpson’s 1/3 Rule:

 Where initially, we have a=x0 and b=x2.

 Subdividing the integral into two:

      210 4
3

xfxfxf
h

I 

         1 2 34 2 4
6

h
I f a f x f x f x f b      
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Adaptive Simpson’s Scheme

 We want to keep subdividing, until we 

reach a desired error tolerance, .
 Mathematically:

       

           

1

1 2 3

4
3

4 2 4
6

b

a

b

a

h
f x dx f a f x f b

h
f x dx f a f x f x f x f b





        

          







59

Adaptive Simpson’s Scheme

 This will be satisfied if:

 The left and the right are within one-half 
of the error.

       

       

1 2

2 3

2
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6 2
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2
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b
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h
f x dx f a f x f x and

h
f x dx f x f x f b where

a b
c x





        

        


 




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Adaptive Simpson’s Scheme

Okay, now we have two separate 
intervals to integrate.

What if one can be solved accurately 
with an h=10-3, but the other 
requires many, many more intervals, 
h=10-6?
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Adaptive Simpson’s Scheme

Adaptive Simpson’s method provides 
a divide and conquer scheme until 
the appropriate error is satisfied 
everywhere.

Very popular method in practice.

Problem:

 We do not know the exact value, and 
hence do not know the error.
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Adaptive Simpson’s Scheme

 How do we know whether to continue to 
subdivide or terminate?

     

     

   
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b a a b
S a b f a f f b and

b a
E a b f

  

          

    
 


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Adaptive Simpson’s Scheme

 The first iteration can then be defined as:

 Subsequent subdivision can be defined as:

     2
, ,S S a c S c b 

   
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1 1
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Adaptive Simpson’s Scheme

 Now, since

 We can solve for E(2) in terms of E(1).
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Adaptive Simpson’s Scheme

 Finally, using the identity:

 We have:

 Plugging into our definition:

       1 1 2 2
I S E S E   

         2 1 1 2 2
15S S E E E   

          2 2 2 2 11

15
I S E S S S    



66

Adaptive Simpson’s Scheme

 Our error criteria is thus:

 Simplifying leads to the termination 
formula:

      2 2 11

15
I S S S    

    2 1
15S S  
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Adaptive Simpson’s Scheme

 What happens graphically:
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 2 12

1

15
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I=Ileft + Iright

Iright =Ileft + Iright
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Adaptive Simpson’s Scheme

 We gradually capture the difficult spots.
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Romberg Method

Motivation

 Trapezoid formula with a sub-interval h gives an 
error of the order O(h2).

 We can combine two Trapezoid estimates with 
intervals  h and h/2  to get a better estimate 
based on Richardson’s extrapolation.
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Romberg Method

First column is obtained 

using Trapezoid Method

 dx f(x)     of ionapproximat  theimprove  tocombined are

 ... h/8 h/4, h/2, h, size of intervals method Trapezoid using Estimates

b

a


R(0,0)

R(1,0) R(1,1)

R(2,0) R(2,1) R(2,2)

R(3,0) R(3,1) R(3,2) R(3,3)

The other elements 

are obtained using  

the Romberg Method
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First Column  
Recursive Trapezoid Method
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Derivation of Romberg Method
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Romberg Method
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Property of Romberg Method

)(),()(

Theorem

22  m

b

a

hOmnRdxxf
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Example (cont.)
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When do we stop?

 at R(4,4) STOP example,for  

 steps,  ofnumber    givena  After  

or 
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Gauss Quadrature : Motivation
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General Integration Formula
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Lagrange Interpolation
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Weight and Gauss point Derivation
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Weight and Gauss point Derivation
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Weight and Gauss points
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Weight and Gauss points
n Node Weight Precision

2 ± 1/3 1 3

3
0 8/9

5
± 3/5 5/9

4

± 3/7 − 2/7 6/5 (18 + 30)/36

7

± 3/7 + 2/7 6/5 (18 − 30)/36

5

0 128/225

9±
1

3
5 − 2 10/7 (322 + 13 70)/900

±
1

3
5 + 2 10/7 (322 − 13 70)/900 94
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Improper Integrals
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