l.ecture 9

Ordinary Differential Equations
Part 1

«+0ODEs

«Taylor series methods and Euler method
+Midpoint and Heun’s method
»Runge-Kutta methods



Derivatives

Derivatives

v

Ordinary Derivatives

dv

dt

y is a function of one
independent variable

v

Partial Derivatives

ou

Oy

u is a function of
more than one
independent variable




Ditterential Equations

Differential
Equations

v

v

Ordinary Differential Equations

2
. ;} 61y =1
dt

involve one or more

Ordinary derivatives of

unknown functions

Partial Differential Equations
!’ .
O 0
> ) 0
e o1
involve one or more

partial derivatives of
unknown functions




Ordinary Differential Equations

Examples :
dv(?) t
7 (7)
d’x(t) _dx(t)
-5 +2x(t) = cos(t
% 7 () ()




Example ot ODE:
Model of Falling Parachutist

The velocity of a falling
parachutist is given by:

v _gg_ <,
dt M
M :mass

c . drag coefficient

v :velocity




Definitions

Ordinary
differential
equation

(Dependent
variable) unknown
function to be
determined

(independent variable)
the variable with respect to which
other variables are differentiated




Order of a Differential Equation

Examples :
dx(t t

’;(t ) _ x(t)=e First order ODE
d’x(t dx(t

dﬁtcg ) _5 J;(t ) +2x(t) =cos(f)  Second order ODE

) 3
d xgt) — ax(1) +2x* () =1 Second order ODE
dt dt



Solution of a Differential Equation

A solution to a differential equation is a function that

satisfies the equation.

Example .
dx(t)

+x(t)=0
7 (1)

Solution x(t)=e"’
Proof :
dx(t) »
= —¢
dt
dx(t)
dt

+x(t)=—e"+e"' =0




Linear ODE

Examples :

dx(1)

a o=e Linear ODE

dzx(t) dx(1) 5 i
2 0 tarxn=cost) | inear ODE

(dzwq‘_dwu -1 Non-linear ODE
dt’ dt I




Nonlinear ODE

Examples of nonlinear ODE :
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Solutions of Ordinary Differential
Equations

x(t) =cos(2t)
1s a solution to the ODE
d’x(t)
dt’
Is it unique?

+4x(t)=0

All functions of the form x(¢) = cos(2t +c¢)

(where ¢ 1s a real constant) are solutions.




Uniqueness of a Solution

In order to uniquely specify a solution to an nth
order differential equation we need n conditions.

dx(t)
dr?

+4x(t)=0 Second order ODE

x(0)=a
x(0)=>b

/Two conditions are

needed to uniquely

specify the solution

12



Auxiliary Conditions

Auxiliary Conditions

Initial Conditions Boundary Conditions
o All conditions are at one O The conditions are not at
point of the independent one point of the
variable independent variable

13



Boundary-Value and

Initial value Problems

Initial-Value Problems | |Boundary-Value Problems
are at one point of the not at one point of the
independent independent variable
variable o More difficult to solve than

initial value problems

L0054 x=e 2 ¥+2x+x=e"

x.\=1, x,:z.s x?=1, x’:l.S

same different

14




Analytic and Numerical Solutions

0 Analytical Solutions to ODEs are available
for linear ODEs and special classes of
nonlinear differential equations.

O Numerical methods are used to obtain a
graph or a table of the unknown function.

O Most of the Numerical methods used to
solve ODEs are based directly (or

indirectly) on the truncated Taylor series
expansion.

15



Classification of the Methods

Numerical Methods
for Solving ODE

v v

Single-Step Methods Multiple-Step Methods

Estimates of the solution
at a particular step are
based on information on
more than one step

Estimates of the solution
at a particular step are
entirely based on
information on the

previous step

16




Taylor Series Method

The problem to be solved is a first order ODE:

dy(x)
dx

= f(xy), y(x) =y,

Estimates of the solution at different base points:

y(x, +h), y(x,+2h), y(x,+3h), ...

are computed using the truncated Taylor series
expansions.

17




Taylor Series Expansion

Truncated Taylor Series Expansion

n

y(x, +h)= Z

k=0

=~ y(x,)+h

| d*y

|

k| dx*

dy

dx |x=

xxo,yy()]

h* d’ h' d”

+ Z +..F ny
X=Xo 2! dx X=Xy, n! dx X=X,

Y=Yo Y=Yo

The nt" order Taylor series method uses the
nth order Truncated Taylor series expansion.

18




Fuler Method

O First order Taylor series method is known
as Euler Method.

o Only the constant term and linear term
are used in the Euler method.

O The error due to the use of the truncated
Taylor series is of order O(h?2).

19



First Order Taylor Series Method

(Euler Method)
y(x, +h)=y(x,)+h ﬂ +O(h2)
dx X=Xo,
Y=Yo
Notation :

;xn ::'Xb 4_’1}L' :yn ::LY(;xn),

dy

_ o X-, .

dx|=x. J (%, 30)
y=y;

Euler Method
Y =Y, th f(x,y)

20




Euler Method

Problem:

Given the first order ODE: vy(x)= f(x,y)

with the i1nitial condition :

Determine : y, = y(x, +1h) fori=12,..

Yo = .Y(xo)

Euler Method :
Yo = y(xo)
Vi =Y, th f(x,y)

fori=12,...

21



Interpretation of Euler Method

A
Y2
Y1
Yo (- T ''''''''''''''''''''''''''''''''''''''''''''''''
Xg X4 X5 X

22



Interpretation of Euler Method

| Slope=f(xq,Yo)

Y1=Yo+hf(Xq,Yo)

23



Interpretation of Euler Method

e R V2=y1Hhf(x,y,)
| Slope=Ff(x,,y,) |
| Slope=f(xq,Yo) X ya)
T e S Foorereas Y1=Yo+hf(Xo,Yo)
VR PN W Sttt B
Xq ) x; ) X, X

24



Example 1

Use Euler method to solve the ODE:

d
—y:1‘|‘X2, y(l):—4
dx
to determine y(1.01), y(1.02) and y(1.03).

25



Example 1

fx,y)=1+x*, x,=1, y,=—4, h=0.01

Euler Method
yi+1 — yi +hf(xia yl)

Stepl: y, =y, +hf(x,,y,)=—4+0.01(1+ (1)*)=-3.98
Step2: v, =y, +h f(x.5,) =-3.98+0.01(1+(1.01)* )= —3.9598
Step3: vy = yy+h £ (%, y,) = —3.9598+0.01(1+ (1.02) )= ~3.9394

26




Example 1

fx,y)=1+x*, x,=1, y,=—4, h=0.01

Summary of the result:

i XI i

0 1.00 -4.00

1 1.01 -3.98

2 1.02 -3.9595
3 1.03 -3.9394

27




Example 1

fx,y)=1+x*, x,=1, y,=—4, h=0.01

Comparison with true value:

|| X " True value of Y;
0 [1.00 -4.00 -4.00

1 (1.01 -3.98 -3.97990

2 11.02 -3.9595 -3.95959

3 [1.03 -3.9394 -3.93909




Example 1

fx,y)=1+x*, x,=1, y,=—4, h=0.01

A graph of the
solution of the
ODE for 2l
1<x<2 o

2 1 1 1 1 1 1 1 1 1
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

29




Types ot Errors

m Local truncation error:

Error due to the use of truncated Taylor
series to compute x(t+h) in one step.

m Global Truncation error:
Accumulated truncation over many steps.
m Round off error:

Error due to finite number of bits used in
representation of numbers. This error could
be accumulated and magnified in
succeeding steps.

30



Second Order Taylor Series Methods

dy(x)
dx

Given = f(y,x), y(x,)=1Y,

Second order Taylor Series method

dy h>d’y
o=v.+h |
Vi = dx 2! dx’

FO(h)

dzy
dx’

needs to be derived analytically.



Third Order Taylor Series Methods

dy(x)
dx

Given =f(y,x), y(x)=1y,

Third order Taylor Series method

2 2 3 3

yo =y Ay B dy
dx 2! dx 3! dx

2 3
d fanddf
dx dx

FO(h*)

need to be derived analytically.



High Order Taylor Series Methods

dy(x)
dx

Given =f(y,x), y(x,)=1Y,

n" order Taylor Series method

dy h>d’y h" d"y |
=y +h—+ +o +O(h™
Vi = )i dx 2! dx* n! dx" ()

2 3 n
d Z , d Z yreees 4y need to be derived analytically.
dx”  dx dx"

33



Higher Order Taylor Series Methods

0 High order Taylor series methods are
more accurate than Euler method.

o But, the 2", 37, and higher order
derivatives need to be derived analytically
which may not be easy.

34



Example 2

Second order Taylor Series Method

Use Second order Taylor Series method to solve:

dx
—+
dt

2x* +t =1, x(0) =1, use h=0.01
2
What 1s: d xgt) ?
dt

35



Example 2

Use Second order Taylor Series method to solve:

@+2x2+t:1, x(0) =1,
dt

ax =1-2x%—t¢

dt

d’x(t) dx
dt’ dt

use h=0.01

—0—4x = 1=—dx(1-2x>—1)—1

h2

X, =x +h(1-2x 1)+

(—1-4x,(1-2x"—1,))

36



Example 2

f(t,x)=1-2x"-t, t,=0, x,=1, h=0.01

2

X, =X, +h(l—2x, —ti)+%(—1—4xi(l—2xi2 ~1,))

Step1:

x, =1+0.01(1-2(1)* - 0) +@(—1—4(l)(1— 2-0))=0.9901

Step 2 :

2
x, =0.9901+0.01(1-2(0.9901)* —0.01) + @ (—=1-4(0.9901)(1-2(0.9901)* —0.01)) = 0.9807

Step 3
x, =0.9716

37




Example 2

flt,x)=1-2x>-¢t, t,=0,

x, =1, h=0.01

Summary of the results:

¥

X

|

0 |0.00 1

1 |0.01 0.9901
2 10.02 0.9807/
3 10.03 0.9716

38




Programming Fuler Method

Write a MATLAB program to implement
Euler method to solve:

§K=1—2ﬂ-¢. v(0) =1
dt

for t.=0.01i, i=12,..100



Programming Fuler Method

f=inline('1-2*v/~2-t','t",'v")

h=0.01

t=0

v=1

T(1)=t;

V(1)=v;

for k=1:100
v=v+h*f(t,v)
t=t+h;
T(k+1)=t;
V(k+1)=v;

end

40



Programming Fuler Method

f=inline('1-2*v/~2-t','t",'v")
h=0.01 Definition of the ODE

———————

lfork 1 100

: v=v+h*f(t,v) |
| t=t+h;

: T(k+1)=t;
|

|

V(k+1)=v;

41



Programming Fuler Method

Plot of the
solution

plot(T,V)

1

0.9r

0.8F

0.7 -

0.6 -

0.5

0.4

0

0.1

0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9

1

42



Euler Method

Problem Euler Method

y(x) = f(x,y) Yo = Y(x,)

Y(xo):yo yi+1:yi+h f(xiayi)
fori=12,...

Local Truncation Error  O(h*)
Global Truncation Error O(h)



Midpoint Method Introduction

Problem to be solved 1s a first order ODE:
y(x) = f(x,y), y(X,) = ¥,

O The methods proposed in this lesson
have the general form:

Yist = Vi +h ¢
o For the case of Euler: ¢=f(x.,y,)

o Different forms of ¢ will be used for
the Midpoint and Heun’s Methods.




Midpoint Method

Problem

y(x) = f(x,y)

y(xy) =y,

Midpoint Method
Yo = y(x,)

I+
2

h
yl=x+§fu¢x)

yi+1 — yi +h f(x”l’ yi+l)
2 2

Local Truncation Error  O(h’)

Global Truncation Error O(h*)

45




Motivation

0 The midpoint can be summarized as:

m Euler method is used to estimate the solution
at the midpoint.

= The value of the rate function f(x,y) at the mid
point is calculated.

= This value is used to estimate y,, ;.
o Local Truncation error of order O(h3).

0 Comparable to Second order Taylor series
method.

46



Midpoint Method

(X, 0
|
xO )C. 1 ’éi+1
i+—
2
h
y_lzyi_l__f(xiayi)a yi+1:yi+hf(x_1ay,1)
i+ 2 it i

47




Midpoint Method

slope = f(x,,y;)

).\/
(X5,

|
xO )C. 1 “éi+1
[+—
2
h
y,lzyi_l__f(xiayi)a yi+1:yi+hf(x_1ay,1)
i+ 2 it i




Midpoint Method

(x L,y 1)
slope=f(x;,y,) ™ %

).\/‘
(X5,

xO X. 1 “éi+1
I+—
2
h
y,lzyi_l__f(xiayi)a yi+1:yi+hf(x_1ay,1)
l+§ 2 l+§ l+5




Midpoint Method

slope = f(x 1,y )

(x 1,y 1) s
i+— T it— [;_\
2 2

xO )C. 1 “éi+1
I+—
2
h
y,lzyi_l__f(xiayi)a yi+1:yi+hf(x_1ay,1)
l+§ 2 l+§ l+5

oU




Midpoint Method

slope=f(x |,y )
(x,q_l, yﬂ_l) —
2 9
(X, Y,
XO X. 1 xi+1
l+5

Y

1+

h
l :yi_l_a f(xiayi)a

2

Vg =Yith f(x [,y )

i+— it —
2 2

ol




Example 1

4 N

Use the Midpoint Method to solve the ODE

y(x)=1+x"+y
y(0) =1
Use h =0.1. Determine y(0.1)and y(0.2)

- 7




Example 1

Problem: f(x,y)=1+x"+7y, y,= y(0)=1,h=0.1
Stepl:

Y 1= Yo +§ f(x9,99)=1+0.05(1+0+1)=1.1

0+
2

yi=Yoth f(x [,y )=1+0.1(1+0.0025+1.1)=1.2103
0+—- O+—=

Step2 :

y = y1+§ f(x,y,)=1.2103+.05(1+0.01+1.2103) =1.3213

1+

v, =y +h f(x .y ;)=12103+0.1(2.3438) = 1.4446
1+— I+—

53



Heun’s Predictor Corrector Method

Problem Heun's Method
y(x)=f(x,y) Vo= Y(xp)
y(x9) = ¥, Predictor : y?H =y, +h f(x;,y,)

" (f(xia yi)+f(xi+1’ yzp+1))

Corrector : y., =y, +5

Local Truncation Error  O(h*)

Global Truncation Error  O(h?)

54



Heun’s Predictor Corrector

(Prediction)
(xi+1 ’ yi0+1)
'xi 'xi+1

Prediction le =y +h f(x,y)

00




Heun’s Predictor Corrector

(Prediction>
(xi+ ’ yzo+ )
: 1 SZOPe:f(xiJrl’ yio+1)
(Xi , yi /
xi 'xi+1

Prediction yfﬂ =y, +h f(x,y)

56




Heun’s Predictor Corrector

(Correction>

f(xi ’yi )+f(xi+1’ yi0+1)
2

(xi+1’ yi0+1)
('xi ? yi ‘O (xi+1’ yi1+1)

slope =

X X.

l i+1

Yl = (f(x, )+ £ yo))

57




Example 2

/U se the Heun's Method to solve the ODE\
y(x)=1+x"+y

y(0) =1
Use i1 =0.1.One correction only

Determine y(0.1) and y(0.2)

- -/




Example 2

Problem: f(x,y)=1+y+x°, y,= y(x,)=1,h=0.1

Stepl:

Predictor : ylo =y, +h f(x,,y,)=1+0.1(2)=1.2
Corrector: y' = (f(xo,y0)+f(x1,yl ))=1.2105
Step2:

Predictor: y) =y, +h f(x,,y,)=1.4326

Corrector: y, = h (f(xl, v+ f(x, Y, ))z 1.4452

59



Summary of Midpoint & Heun’s

o Euler, Midpoint and Heun’s methods are
similar in the following sense:

V.., =Y, +h xslope

m Different methods use different estimates of
the slope.

o Both Midpoint and Heun’s methods are
comparable in accuracy to the second
order Taylor series method.

60



Comparison

1+

MethOd It_lf)ucrc?(l:ation S’t)r?(?a:tion
error error

Euler Method Vi =y, +h f(x,y) O(h*) |O(h)
Heun's Method

Predictor: y. =y.+h f(x,,y,) Oh’) |O(h*)

. h

Corrector : yi’ill =y, +5 (f(xi, v,)+ f(x.,, yl.k+1))

L h
Midpoint Y= Vits f(x,y,) Oh’) | O(h*)

2

Y =Yith f(x [,y )

+— i+
2 2

61




Runge-Kutta Method : Motivation

O We seek accurate methods to solve ODEs
that do not require calculating high order
derivatives.

o The approach is to use a formula
involving unknown coefficients then
determine these coefficients to match as
many terms of the Taylor series
expansion.

62



Second Order Runge-Kutta Method

Ky =h f(x,y;)

Ky=h f(x;+ah, y;+[K)

Yis1 = Vi t WK +wy K,

Problem::

Find «,f, wy,w,

such that y, ., 1s as accurate as possible.

63



Taylor Series in One Variable

The n™ order T aylor Series expansion of f{x)

n

] n+1
f(x+h)= Z%f“(x) P £ (%)
l! !

i=0
[ Approxir/rscﬂ %

where x is between x and x+h

64



Derivation of 224 Order
Runge-Kutta Methods —1 of 5

Second Order Taylor Series Expansion
dy

— X,
e = f(x,y)
dy . h* d*y
dx 2 dx*
which 1s written as :

Used to solve ODE :

Vo =y +h +O(h°)

h2
y1+1 _ yz +hf(xl9yz)+_f (xz’yz)_I_O(h )



Derivation of 2™ Order
Runge-Kutta Methods —2 of 5

where f'(x, y)1s obtained by chain - rule differentiation

of(x.y) , ofxy)dy _of o

f(xy)= ™ oy di o oy — f(x,y)
Substituting :

of 0 h*
yi+1:yi+f(xi9y1)h+(a£ ff(xlayz)j 2 0(h3)

66



Taylor Series in Two Variables

f(x+h,y+k):f(x,y)+( f +k5f]
ox 0y

2 2 2
1 hzﬁf k25—f+2hk6f ¥
21 Ox* Oy* 0x Oy

n

n+l
1({ 0 1 0 0 _
= Zi!(ha_i_k@y]f(x )|+ (n+1)!(ha+k5j f(x,y)

i=0

approximation error

(x,y) 1ison the line joining between (x, y)and (x + A, y + k)

67



Derivation of 274 Order
Runge-Kutta Methods — 3 of 5

Problem: Find «,f, w;,w, such that

Kl :h f(-xiayi)
K,=h f(x,+ah, y,+[K,)
Vig = Vi t WK +w,K,

Substituting :
Vig=y;,+whf(x,y)+whf(x,+ah, y,+[K,)

68



Derivation of 274 Order
Runge-Kutta Methods —4 of 5

Fl+ah, v+ KD = F Gy + ah S R, D
Y
Substituting :

yi+1:yi+wlhf(xi’yi)+wz (f(x y,)+ah f-I-IBK f j
Ox oy

Yir1 = Vi +(W1+W2)h f(.x yl)+W2 (ah Zf +,BK af j
X 8))

0
Yirn = Yi t (W +wy)h f(xi’yi)+w2ah2 af +w2,8h2 J f(x yi)t...

69



Derivation of 2™ Order
Runge-Kutta Methods — 5 of 5

We derived two expansions for y; . :

0
Vit = ¥i + (W +w)h f(x;,y,) + wyoh? af T Wzﬂhz g f(x,,)’,)‘F---

h2

g ff(x,,y, ]7+0(h )

ox Oy

Vit = Vit f(x;,y)h "‘(

Matching terms, we obtain the following three equations :

1 1
wy+w, =1, wzaZE, and w2,8=5

3 equations with 4 unknowns = infinite solutions

: : 1
One possible solution: a==1, w,=w, =—

70



274 Order Runge-Kutta Methods

Klzh f(xiayi)
K,=h f(x,~ah, y,+pK,)
YVig =Y t WK +w,K,

Choose «a, 8, w;,w, such that:

| |

71



Alternative Form

Second Order Runge Kutta
Kl :h f(xia yz)

K,=h f(x;+ah, y+K,)
Yisr = Vi T WK +wy K,

Alternative Form

k= f(x,y;)
ky=f(x;+ah, y,+phk))
Yin =Yt h(Wl ki +w, kz)

72



Choosing «, £, w, and w,

For example, choosing =1, then S =1, w, =w, = l
Second Order Runge - Kutta method becomes :
Kl :h f(xia yz)
Ky=h f(x;+h,y, +K,)

1 h ( 0 )
Yir1 = Vi +5(Kl T KZ): Yi +§ f(xi9 yi) T f(xi+1’ yi+1)

This 1s Heun's Method with a Single Corrector

73



Choosing «, 3, w, and w,

Choosinga:% then ,B:%, w =0, w, =1

Second Order Runge - Kutta method becomes :
Kl — h f(-xia yz)
h

K
K,=h f(x,+—,y, +—

h K
Vin=Yi+Ky =y, +h f(x,-+5,yi+71)

This 1s the Midpoint Method

74



274 Order Runge-Kutta Methods

Alternative Formulas

1 1
aw, =—, Wy =—, w +w,=1
275 fw, 5 MW
. 1 1
Pick any nonzero ¢ number: f=a, w,=—, w,=1-——
20 200

Second Order Runge Kutta Formulas (selecta # 0)

Kl — hf(xiayi)
Ky,=h f(x,+ah, y,+aK,)

1 1
ao=v. 4+ 11— K, +—K
Yisl i ( > j 1 > 2
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Second order Runge-Kutta Method
Example

Solve the following system to find x(1.02) using RK2
x(t)y=1+x"+, x()=-4, h=0.01, a=1

STEP1:
K =h f(ty=1,x,=—4)=0.011+x,"+1,") =0.18
Ky,=h f(ty+h,x,+K,)

=0.01(1+ (x, +0.18)* +(z, +.01)°) = 0.1662
x(1+0.01) = x(D)+ (K, + K,)/2

= —4+(0.18+0.1662)/2 = —3.8269
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Second order Runge-Kutta Method
Example

STEP 2

K, =h f(t; =1.01,x, =—3.8269) = 0.01(1+ x,” +1,°) = 0.1668
Ky=h f(t;+h,x, + K,)
=0.01(1+ (x, +0.1668)* + (¢, +.01)°) = 0.1546

x(1.01+0.01) = x(1.01) %(K1 +K,)

=-3.8269 +%(0.1668+ 0.1546) = -3.6662
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k() =1+ x7 () +1, x(1) =4,

' Solution forte[1,2]
- Using RK2, o =1

) | | | | | |
1 1.1 1.2 1.3 1.4 1.5 1.b

]
1.7

]
1.8

]
1.4




2nd Order Runge-Kutta

RK2

Typical value of o =1, Known as RK2

Equivalent to Heun's method with a single corrector

kl — f(xia yl)

ky=f(x;+hy +k h)
h

Yis1 = Vi +§(k1 +k2)

Local erroris O(h’) and global error is O(h”)
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Higher-Order Runge-Kutta

Higher order Runge-Kutta methods are available.

Derivation approach similar to that of
second-order Runge-Kutta.

Higher order methods are more accurate but
require more calculations-> Higher cost.
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3td Order Runge-Kutta RK3

Know as RK3

klzf(xiayi)

h 1
ky = f(x+ 2,y +—kh
2 f( I 2 Y 2 1 )

ky= f(x +h, v, —kh+2k,h)
h
Yis1 = )i +g(’ﬁ +4k, "‘k3)

Local error 1s 0(h4) and Global error 1s 0(h3)
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4th Order Runge-Kutta

RK4

ky=f(x,y)

h 1
k2 = f(xl- ‘|‘§, yi +§k1h)
h 1
ky = +—, Y. +—k,h
3 f('xz 9 Y 9 2 )

k,=f(x;+h, y +ksh)

Yis1 = )i +%(k1 +2ky + 2k, +k4)

Local error 1S O(h5 ) and global error 1s O(h4)
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Higher-Order Runge-Kutta

k= f(x;,y)
ky :f(xl-+lh, yi—|—lk1h)
4 4
1 1 1

ky=f(x;+—=h, y,+—kh+—k,h
3 f(z 4 y 81 ] 2)

k, :f(xi+%h, yi—%k2h+k3h)

3 3 9
ke = +—h, v.+—kh+—k,h
5 f(xl 4 yl 16 1 16 4 )

3 2 12 12 8
ke =f(x;,+h, yj—=kh+—=kh+—k;h——k,h+—=ksh
6 = J (X Y - 1 - 2 7 3 - 4 7 sh)

Vi = Vs + %(7/{1 + 32k, + 12k, + 32ks + Tk
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Example

4*_.Order Runge-Kutta Method RK4

éX=1+y+xz
dx

y(0)=0.5
h=0.2
Use RK4tocompute y(0.2) and y(0.4)




4th Order Runge-Kutta

RK4

ky=f(x,y)

h 1
k2 = f(xl- ‘|‘§, yi +§k1h)
h 1
ky = +—, Y. +—k,h
3 f('xz 9 Y 9 2 )

k,=f(x;+h, y +ksh)

Yis1 = )i +%(k1 +2ky + 2k, +k4)

Local error 1S O(h5 ) and global error 1s O(h4)

85




Example: RK4 See RK4 Formula

Problem : h=0.2
ﬂ:lﬁ-y-kxz, y(O):Os f(x,y):1+y+x2
o =0, y,=0.5
Use RK4 to find y(0.2), y(0.4) Yo=Y Yo=Y

k= f(xg,v9) =1+ yy+x,)=1.5

k, = f(x, +%h,yo +%klh) =1+ (y, +0.15)+(x, + 0.1 =1.64

ky = f(x0+%h, yo+%k2h) =1+ (y,+0.164)+(x, +0.1) =1.654

Step 1

k, = f(xy+h, vy +ksh) =1+ (v, +0.16545)+ (x, +0.2)" =1.7908

Y1 = Yo +%(k1 + 2k, + 2Ky + k, ) =0.8293
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Example: RK4

Problem :

h=0.2
%:1+y+x2, y(0)=0.5 flxy)=1+y+x
* | % =02, y =0.8293
Use RK4 to find y(0.2),y(0.4)

ki = f(x,y,) =1.7893

k, :f(x1+%h,y1+%klh):1.9l82

ks :f(x1+%h,y1+%k2h)=l.9311

Step 2

ky = f(x, +h,y, +ksh) =2.0555
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Example: RK4

Problem:

@=1+y+x2, y(0)=0.5
dx

Use RK4 to find y(0.2), y(0.4)

Summary of the solution

X Yi

0.0 0.5
0.2 0.8293
0.4 1.2141

AnalyticSolution : y(x) =3.5¢* — (x* +2x +3)
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