Combinational Circuit Design

» Part I. Design Procedure and
Examples

> Part II : Arithmetic Circuits

» Part III : Multiplexer, Decoder,
Encoder, Hamming Code




Combinational CircuitsN

n inputs ———> | Combinational —<—> m outputs
Circuits

A combinational circuit has:
« n Boolean inputs (1 or more),
 m Boolean outputs (1 or more)
* logic gates mapping the inputs

K to the outputs /




Design Procedure N

Specification
Write a complete specification for the circuit
Specify/Label input and output

2. Formulation

Derive a truth table or initial Boolean equations
that define the required relationships between
the inputs and outputs, if not in the specification

Apply hierarchical design if appropriate

3. Optimization
Apply 2-level and multiple-level optimization

(Boolean Algebra, K-Map, software)
<« Draw a logic diagram for the resulting circuit
using necessary logic gates.




Design Procedure (ContN

4, Technology Mapping

Map the logic diagram to the implementation
technology selected (e.g. map into NANDs)

5. Verification

Verify the correctness of the final design
manually or using a simulation tool

Practical Considerations:
« Cost of gates (Number)
« Maximum allowed delay

« Fan-in/Fan-out (# of Input ports/Output
Korts provided by devices) ///




K .

Example 1

~

e Question: Design a circuit that has a 3-
bit binary input and a single output (f)

specified as follows:

- F =0, when the input is less than (5),
- F =1, otherwise

Solution:

Step 1 (Specification):

- Label the inputs (3 bits) as X, Y, Z
- X is the most significant bit, Z is the least

significant bit

- The output (1 bit) is F:

- F=1->(101),, (110),, (111),
F = 0 2 other inputs

J




Example 1 (cont.)

Step 2 _ Step 3
(Formulation) (Optimization)
Obtain Truth table F = XY'Z4XYZ'+XYZ
A XY Z)|F = XY'Z+XYZ'4+XYZ+XZ+XY
0 0 0 0
= XZ + XY
0 0 1 0
o 1 o0 lo (Use consensus theorem)
0 1 11,0 Circuit D
. o olo Ircul lagram
1 0 1 1 « }
1 1 0 1 > T -
1 1 1 1 X
Boolean Expression: Y ]

F = XYZ+XYZ'+XYZ




Example 2 N

e Question (BCD to Excess-3 Code
Converter

- Code converters convert from one code
to another (BCD to Excess-3 in this
example)

- The inputs are defined by the code that is
to be converted (BCD in this example)

- The outputs are defined by the converted
code (Excess-3 in this example)

- Excess-3 code is a decimal digit plus

three converted into binary, i.e., O is
Koon 1is 0100, etc. /




Example 2 (cont.)

Step 1 (Specification)
e 4-bit BCD input (A,B,C,D)

e 4-bit E-3 output (W,X,Y,Z) BCD Input Excess 3 Output
Decimal A B C D W X Y Z
Step 2 (Formulation) 0 0 0 0 0 0 0 1 1
Obtain Truth table | 0 0 0 1 0 1 0 0
2 0 0 1 0 0 1 0 1
3 0 0 1 1 0 1 1 0
4 0 1 0 0 0 1 1 1
5 0 1 0 1 1 0 0 0
6 0 1 1 0 1 0 0 1
7 0 1 1 1 1 0 1 0
8 1 0 0 0 1 0 1 1
9 1 0 0 1 1 1 0 0

10-15 All other inputs X X X
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X=BC+BCD +BD .

I]lIIIZI 01 11, 10
0 1 1 1
1 0 0 0
X X X X
0 1 X X

A &Dm 01

11
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00

o1

1M
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1]l 0| o [
1/l0 | o (|1
X x| x ||x
11l o | x [[x
Z=D

o

source: Mano’s book




Example 3 X

Question (BCD-to-Seven-Segment
Decoder)

._JI
——
——
o
-
-

IJUCCcI00
el_’c L’ L_’ ’-'L' ’L'-' src: Mano’s book

e A seven-segment display is digital readout found in
electronic devices like clocks, TVs, etc.

e Made of seven light-emitting diodes (LED) segments;
each segment is controlled separately.

e A BCD-to-Seven-Segment decoder is a
combinational circuit

e Accepts a decimal digit in BCD (input)

e Generates appropriate outputs for the segments to
display the input decimal digit (output)




Example 3 (cont.) X

Step 1 (Specification):

e 4 inputs (A, B, C, D)
e 7 outputs (a, b, c,d, e, f, g)

/2]

NARINN

Step 2 (Formulation) Fe BCD-to-Seven-
BCD Input 7 Segment Decoder Segment

Decimal | A B € D|a b ¢ d e f ¢ |Decoder
0 o o o o1 1 1 1 1 1 0 T
1 o o0 o0 1|0 1 1 0 0 0 0 T T T T
2 o o 1 o1 1 0o 1 1 0 1 ABCD
3 o 0 1 1 1 1 1 1 0 0 1
4 o 1 0 0| 0 1 1 0 0 1 1 Invalid
5 o 1 0 1 1 0 1 1 0 1 1 EOCdDeS
6 0o 1 1t o1 0 1 1 1 1 1 =
7 o 1 1 1|1 1 1 0o o o o Nolight
8 1 0 0 0| 1 1 1 1 1 1 1
9 1 0 0 1 1 1 1 0 0 1 1

10-15 All Other Inputs 0 0 0 0 0 0 0 «—




Example 3 (cont.) x

Step 3 (Optimization)
CD ' CD CD

AB™ 10001 _11_10 ﬂuB\\mu 01 0 ABS_00 01 11 10 AB 00 01 11 10
oo [yllo |1 [1)] oo @J )] oo (et 1o 0 1) o |1 [|1]
ot [o [ )] o |10 llilo on g [WlaJld | o @lo |
imjolololo]| 11|pololo|lo ITlojo|0 |0 oo |0 |0
10 ||1ﬂ3 0|0 0|10 o0 10 ETI 0|0 10 Tl__Li] 010

I | | | ol

CD 2 o ° CD d

AB™_,00 01 11 10 AB™>_,00 01 11 10 AB 00_01_11_10
00 lyllo o] o __|L1_|| 010 |0 1o lo|ltfs]
o1 0o |11 ot (T )lo fa | o | la)]o |1
o fojolo| |ojojolo]| ]oo]o]o
10 ]"1_'| 010 10 ﬂF 1] 0|0 10 [_1 010




Example 3 (cont.) N

Step 3 (Optimization) (cont.)

a=AC+ A'BD + AB'C' + B'C'D’

b=AB +A'C'D"+ A'CD + B'C’

c=AB+ BC +AC +AD

d =ACD"+ AB'C +
B'C'D'+AB'C'+A'BC'D

e = A'CD" + B'C'D’

f=ABC"+ A'C'D"+ A'BD" + AB'C’

g=ACD'"+ AB'C + A'BC" + AB'C’

K Exercise: Draw the circuit /
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Part I1 Arithmetic Circuiﬁ

e Adder

e Subtractor

e Carry Look Ahead Adder
e BCD Adder

e Multiplier




Half Adder N

Design a half-Adder for 1-bit numbers

e 1. Specification: 3. Logic Diagram

Optimization/Circuit x
2 inputs (X,Y) P )D— s

2 outputs (C,S)

e 2. Formulation: D
Yy

X
0
0
1
K i Graphical Symbol///

0
1
0
1

—_ O O O |6
O == O | -
.
-
=
U T




Full Adder

A combinational circuit that adds 3 input bits (x;,
y, Ci,) to generate a Sum bit and a Carry-out bit

X;y;
V. C. 5.

Vi i+ 1 [ c; oo 01 11 10

C;

Ra

— et e e T 0 0 D
i et T = T R v [ s |

0
1
0
|
0
1
0
1

—_ = O = O OO
= O O = OO = = O

3 = {?11"’1: T Ii?f)Eﬁ T ﬁi.ﬁf + xf}"f)f‘i

= (x; @ yi)ci + (xi @ yi)ci 1 1 ] 1

Cie1 = Xy T X6 + Vi€




r Full Adder Logic Diagrarm

S

T D)—
[ )—

K From-Brown’ igitatlogic




Full Adder = 2 Half Addeﬁ
=

Block diagram
-
r DD
X; /!

Circuit
Exercise : Verify this full-adder implementation.
From-Browh” tgi ogic




Bigger Adders X

e How to build an adder for n-bit
numbers?

e Example: 4-Bit Adder
e Inputs ? 9 inputs
e Outputs ? 5 outputs

e What is the size of the truth table?
512 rows!

e How many functions to optimize? 5
functions

L J




o1 Ya X i

€1
Eﬂ -_ Eﬂ_l U EE
S -1

MSB position

Note:

« Carry signal “ripples” through the full-adder stages.

Qay can be an issue.

L.SB position

Ripple Carry Adder N

J




’/Subtraction (2’s Complemeﬁ

e How to build a subtractor using 2’s
complement?

? 1‘1% B, Aj
FA |« FA |« FA |« FA |« 1

T n
K S=A+ (-B) /

m-i—
M - —
VY -




Adder/Subtractor

-

o

Ag B, Az B AI By A{]
® » S
0 : Add
1: subtract
Y C Y C Y C %) Y Cﬂ
FA | FA |« FA | FA |<
Sg Sz Sl Sﬂ

Src: Mano’s Book

Using full adders and XOR we can build an Adder/Subtractor!




r Full-Adder (Review) x

|_/|
S; =X, DYy D¢ =Xy, T+ X,C, + Y. C

- J




Carry-Lookahead Adder (CLm

Then

\_

Define &, =X Y sP; =X, 1Y,

e g;is called “"generate” function and
p;is called “propagate” function.

e Rewriting ¢;,; in terms of i-1 terms
yields

C,iq = 8, + D¢

Cin =& T pi(gi—l T pi—lci—l)

=&, T P81 T PiPi-1Ciy 2/




CLA (cont.) N

e Repeating until 0 term vyields

C=8,tP,8i.11tP P8 -t TP P PPi8
TP D1 P2 P1PoCo

® C,.; can be implemented in 2-level
AND-OR circuits.

e A Carry-Lookahead Adder is based

K on this expression. ///




Ripple-carry Adder DelaN

¥ *p Yo

Only First 2
stages shown

SLJ ) LSB:

C) s 2 €0 (x() ’ )’o) = (091)

U U Delay: 5 gates

For n stages:
Delay: 2n+1 gates

Stage 1 Stage 0
\ 51 S
From-Browh” tgi ogic




CLA Delay x

i T Only First 2
stages shown

[LSB:

U U J U (Xo . o) = (0,1)

C, =80T Dol

c, =8+ D&

HJ U v U U + Py PoCy

Delay: 3 gates

\ For n stages:
Delay: 3 gates




CLA Implementation X

e Total delay : 4 gates (1 for all g;,p;, 2 for
all carry, 1 for the final XOR to compute
all s;)

e Becomes very complex when n large.
e Hierarchical CLA with ripple-carry

X31-24 V31-24 Y158 Vis_g X720 ¥Yioo

Cg




CLA : A better implementatim

Consider cg out of block 0O:
Cs =87 1T D186 T P1Ps8s T T P7DPs" " P2 P18

TDP7DP¢ """ P2 P1PoCo
Recall that ¢, =g, + p,c,

If define By = p,Pe¢PsPsP3P2P1PoCo
Gy=8,+ D186+ P:Ps8s+ "+ D1Ds " P2P180
Then can write ¢; =G, + Fc,
Likewise ¢ =G,+FG,+ FFc,
¢ =G, + PG, + P,RG, + P,FFc,

K ¢y, =G + PG, + BRG + PP, ARG, + P3P2P1Poco//




’%CLA : A better im
L

G,

Second-level lookahead

|

Block

plementatim
L

Block

- E[].

\_




BCD Addition X

Z=X+Y
IfZ <9, then S = Z and carry-out = 0
Decimal digit BCD code if Z =9, thenS = Z + 6 and carry-out = 1
0 0000
i 0001 X 0111 7 X 1000 8
9 0010 +Y + 0101 + 5 + Y + 1001 + 9
3 0011 Z 1100 12 Z 10001 17
4 0100 +0110 + 0110
> o101 carry —m 10010 carry —w 10111
6 0110 —— ——
7 o111 S=2 S=1
8 1000
9 1001




BCD Adder X

Sy

4-bit adder "-— Cin

carry-out
Z
Detect if A
‘ sum > 9 g
6 0
@ @ Adjust=0->5=7Z+0
At ‘ MUX Adjust=1 ->5=7Z+6
1!

Cour *=——  4-bit adder |=—— 0
S




4-bit Comparator N

olo[tfor 1t HilfJo oot

et

; Y

Vv N Z 01 0 1 11 00
(overflow) (negative) (zero) 1 0 0 O O 1 T 1
\ 3-(-5)=-8 5-4=7




4-bit Comparator N
o X <Y

e Same sign: No overflow (V=0) and N=1

e Different sign: V=0 & & N=1, OR V=1
(overflow) && N=0 (positive)

e Thus, condition is N&V=1.
e X=Y->7Z=1
o X >Y
e Same sign: No overflow (V=0) and N=0

e Different sign: V=0 && N=0, OR V=1
(overflow) && N=1 (negative)

e Thus, condition is N®V=0, i.e., the
complement of N&V, (N®V)'.




2-to-1 Multiplexer (MUXN

Multiplexer has multiple s s f
inputs and one output; it w, o | w,
passes the signal on one W, F ! 1w
input to the output. 1
Symbol Truth Table

W
Wy
—

W f
SOP circuit 1 P
Circuit with transmission gates i




4-to-1 Multiplexer x

. ' ' ' '
[ =588 W, +s Sow +585, W, +85,W,

I.E'[}

51 50 4'—%
W
0
W[} 00 .
Wy 01 _ o1 I> O
WE 10 'f [
STl jl:}
I

W)
W

0 0 Wy

Wy

Wy - L;Di

W4

ek
(I == I




4-to-1 mux using

2-to-1 mux

[
0 | :
| :
W>
Wy

4-to-1 Multiplexer x

16-to-1 mux using

4-to-1 mux /




2x2 crossbar switch X

e 2 inputs, 2 outputs
e s = 0 -> connect xX;->Y4, X5->Y,
oS =1 -> connect Xy->Y,, X5->VY4




ynthesis of Logic FunctionN

rs




-
I

1

o
o}
iy

— 0

e
Wi Wz Wy
0 0
0 1
1 0
1 1
0 0
0
1
1

t XOR

Using
4-to-1 MUX

3-inpu

Ws
= W Wo I | I
Using
2-to-1 MUX

o o = o= O O o~

Wi Wy Wy
3

= DO O O = o o= H




3-input Majority Functiom

e Get 3 inputs and output 1 if # of 1's
greater than # of O’'s.

wy Wy Wy | f _— F W,

0 00| 0) W

00 1] 0] =009

01 0| 0) - ? é . 0

01 1| 1) | o111 "3 f

100 0) !

1 01| 1]

1 10| 1)

L1 1] 1)

J

-




= Wl'fwl' +W1fw1

Can be rewritten as

L

fw,wy,cco,w )=w,' fO,w,,...,w )+w f(Lw,,...,w )

Shannon’s Expansion X

e Shannon’s Expansion Theorem

Jus f, s cotactors

e Example : 3-input majority function

. ' ' ! —_

J




Shannon’s Expansion x

wp Wy Wy | f
0 00| 0 : |
g 0 1 [lTl " d Using
}_.. 0 W Wy 2-to-1 MUX
0 1.0 0 | —= ] W, + Wy
01 1| 1/ 2
1 0 0 ﬂ‘\ll W, . wl
1 0 1| 1 }_ 2
1 10| 1 | "3 |
11 1] 17 f
e 3-input XOR

Kf =w, Ow, ®w, =w,' (W, ®w,) +w,(w, @w3)'/




Shannon’s Expansion X

e In general : expand by w;

fw,wy,...,w)=w'f(w,w,,...,0,..., w)+w f(w,w,,...l..., w.)

n

which can be implemented by a 4-to-1

| y,




Example 1

~

. ' '
f=w'w,+ww, +ww,

=w, Wy +w, (W, +w;)

. ' ' ' ' ' '
=w,' W, Wy +w, wowy twow, wy +wiw, (1)

k]
H’l

!

Using
2-to-1 MUX

X [>o—+—

LB
f

l

W .,

Using
4-to-1 MUX

J




3-input majority functiom

g=w, (0)+w,w;h=w, w, +w,(1)

W . W 1 —

S S




Decoder N

e Main function: decode “encoded” data.

— v vo — D n-to-2" decoder
n . :
inputs o I 2"
—Aw, o outputs "o .>C
: Yo
Fnable — En Yor1 p— y W >o

En wy w, Yo Y1 Y2 V;

OO0

0 et e j—
o= = O
= O = O
e N e T s TR e R
[ I s T s Y R

;

En
2-to-4 decoder




Decoder

—
W,

En —

>

)
L/

4-to-1 MUX using
2-to-4 decoder

Yo

Y2
Y3

3-to-8 decoder using
2-to-4 decoder

48




4-t0-16 Decoder

W 0

Wy

W,

En

Wi

En

Wy Yo

W g
Vo

En

Wi Yo

W M
Vs

En

Wi Yo

W Vi
&

En

"y ¥

W Y
Vo

En

¥Vs
Ve
Y7




Demultiplexer (DEMUXN

Sel, _ .
0/1 0/1 ... 0/1
Sel, _
0/1 0/1 s e 0/1
a » Sel
S I 1 on | on c o 0/1
a — 3
Address . =
. iy
' g
Ay -] ———=
Sel}_.,_l _
: 0/1 0/1 I 0/1
A 2m xm ROM Block " "

Read sy —
\ Data { d, | d, 5 dy




Encoder

2]‘?
inputs

Wy Wy W, Wy

2"-to-n encoder

n

—_—a O O
—_ =0

e B e B T e
e B e B e B

outputs
Yo
Y1 Yo
48
0 0
0 1 Wa
1 0
1 1 "3 ¢

4-to-2 binary encoder

D_
—D—

Yo

M




Hamming Code N

e In “linear block code” family.

e Can correct 1-bit error or detect
2-bit error.

e Add parity bits to message bits.

e Typically use notation (n,k)
Hamming code, which means n
total bits, k message bits.

e Clearly there are (n-k) parity bits

J

L




(7,4) Hamming Code

Sender Receiver
Encoder Decoder
Dataword Dataword
dz(az|aq|dg dz|azfaj|dg
Correction
*— I logic
. * Syndrome |, sI1 So A A A A
. 1 W
3 9
Unreliable
YYVYVYVYYY transmission T
as|azfaq|apg|r2ff|ro » b3 | b, (b [bg[dz(d: |90
Codeword Codeword

System Structure




Codewords X

Datawords Codewords Datawords Codewords
0000 0000000 1000 1000110
0001 0001101 1001 1001011
0010 0010111 1010 1010001
0011 0011010 1011 1011100
0100 0100011 1100 1100101
0101 0101110 1101 1101000
0110 0110100 1110 1110010
0111 0111001 1111 1111111
Codeword : a;a,a,ayr,rr, with

n,=a,®a,9a,,,=a,®a,®a,,;r,=a,®a, ®a,




Syndrome x

® Error pattern 1s given by “syndrome”,; 1.e., §,5,5,
(=s) where
So=b,®b,®ob,®q,;s,=b,®b,®b,®q,;s, =b,®b, ®b, ®q,

Syndrome 000 001 010 011 100 101 110 111
D Dy

Error None 40 q1 b2 q» bO

e Example : Send 0110100

® Receive 0110100 -> s =000 -> No error

® Receive 0111100 -> s = 101 -> Error at b,
® Receive 0010100 -> s =011 -> Error at b,




(7,4) Hamming Encodem

s

I

Exercise : Design the
(7,4) Hamming Decoder

J




Basic
Structure
(AND-OR GA)

Y Y

ate Arrays (Programmable Logic Devi

2t o
Y

)




a’b’ + abc
ab’c”+ ab + bc
ab’ + c

Example
f
g

h =

2

——

; : - 3 ﬁ |




=
v

oS

X
a3

=

Simplified D
:LI
v
:} b’y b
—; abc Je
i ™ ab'c
J
—“\ ab
B
h .
J
uwEuwluy
W

)




Using ROM x

W(A,B,C,D)=> m(3,7,8,9,1115)
X(A,B,C,D)=> m(3,4,5,7,10,14,5)
Y(A,B,C,D)=) m(1,5,7,11,15)
0
L —
2
3
1 |
5 —
6
L —
8
9 o
10 |
11 | 4
12
13
14
15
T—
w X Y




Using PLA x
W(A,B,C,D)=) m(3,7.89,1115);X(A,B,C,D)=> m(3,4,5,7,10,14,15)
Y(A,B,C,D)=> m(15,7,1115)
ARB AB AB
CD 00 01 11 10 cD 00 01 11 10 cD 00 01 11 10
00 m 00 m 00
01 U 01 U 01 Ej
(| )0 ] n| O | (J ) 1 ([
10 10 (1] 1) 10
w X Y
W = AB'C'+CD = AB'C'+A'CD|+|ACD
X =A'BC'+ACD'+A'CD+{BCD br ABC}

-

Y=A'C'D+

ACD

BCDlor A' BD)

1




Using PLA (2) x

AB'C’

CD I

A'BC’

ABC

- - -
- -
2 -
I )| A'CD
ACDr
- .
{ BCD
0
AC'D
- -
1 ACD
L

| I + A'BD




Using Programmable Array Lo%

YIVIVIYIY]Y 1 tata b

- YIYIYTY
pi=Eal —
- — =
— L
= el
- pi=Ea
f]i{} —
- —
S L

X L =P /
|- O 63




