Number Systems, Operations, and
Codes
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Decimal Numbers

* The decimal number system has ten
digits: 0, 1,2, 3,4, 5,6, 7,8, and 9

* The decimal numbering system has a
base of 10 with each position weighted by
a factor of 10:

10310210 10 o Tho4ho-ho4
Decimal/
Fuoint
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Binary Numbers

* The binary number system has two digits:
0and 1

* The binary numbering system has a base of 2
with each position weighted by a factor of 2:

POSITIVE POWERS OF TWO - NEGATIVE POWERS O
(WHOLE NUMBERS) (FRACTIONAL NUMBER)

9° 2° o 90 5 2nc 22 T 252
. s g » 4 x4 5 11D K 18 1/16 1132 1/64
' ' 05 025 0125 00625 003125 0015625
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Decimal-to-Binary Conversion

» Sum-of-weights method

Convert the following decimal numbers to binary:

@ 12 ()25 ()58 (d) 82
(@ 12=8+4=2°+2? > 1100
) 25=16+8+1=2+23+2° > 11001
() 58=32+16+8+2=2+24+23+2! > 111010
(d) 82=64+16+2=2°+2"+ 2 1010010

* Repeated division-by-2 .,
method | 2]
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Decimal-to-Binary Conversion
Conversion of decimal fractions to binary

MSB 1 T L.SB

Carry Q101

\L O\
0.3125 X 2 = 0.625 0 4/]\
]
)
0.625 X 2=1.25 1

—

0.25 X2 =0.50 0

\E——l

0.50 X2 =1.00 1

Continue to the desired number of decimal placebj
or stop when the fractional part is all zeros.
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Binary Arithmetic
Binary addition Carry Carry
" . IgP<— SRIE <
Binary subtraction b "
Binary multiplication mutU O

1 =0 =0
Binary division

Left column: Middle column:
When a 1 is borrowed, Borrow 1 from next column
aQOisleft, so0 — 0 =0. to the left, making a 10 in
‘\ this column, then 10 — 1 = 1.
0

1101 Right column:
—(011 Ll =0
010« |
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Complements of Binary Numbers

* 1’'s complement

0 l 0

VYYYYYYY
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Complements of Binary Numbers

« 2’'s complement

Negative number i

0 ] 0 | 0 I 0
| 1
I’s complement 0 Y }{ Y \{ Y \{ Y

Input bits
Adder e
In { (add 1)
Output bits (sum)
2’s complement 0 l 0 I 0 i I 0
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Sighed Numbers

Signed-magnitude form

1’s and 2’s complement form
Decimal value of signed numbers
Range of values

Floating-point numbers
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Sighed Numbers

« Signed-magnitude form
— The sign bit is the left-most bit in a signed
binary number

— A 0 sign bit indicates a positive magnitude

— A 1 sign bit indicates a negative
magnitude

00011001
Sign bit - T Magnitude bits
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Sighed Numbers

* 1’'s complement form

— A negative value is the 1's complement of
the corresponding positive value

« 2's complement form

— A negative value is the 2's complement of
the corresponding positive value
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Sighed Numbers

Decimal value of signed numbers
— Sign-magnitude
— 1’s complement
— 2’s complement

Example : 11001010

— Sign-mag -> -74

—1's ->(-00110101) -> -53
—2's ->(-00110110) -> -54

Copyright ©2006 by Pearson Education, Inc.
Upper Saddle River, New Jersey 07458

Slide 12



Sighed Numbers

« Range of Values
Sign-magnitude:
—(2"-1—-1) to + (2"-1-1)
2's complement form:
—(2"-1) to +(2"-1-1)
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Sighed Numbers

 Floating-point numbers
— Single-precision (32 bits)
— Double-precision (64 bits)
— Extended-precision (80 bits)

- 32 bits >

S Exponent (E) ‘ Mantissa (fraction, F) I

| bit 8 bits 23 bits

Number = (— 151 + F)(2F'%)
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Floating-Point Number Example

Convert the decimal number 3.248 x 10" to a single-precision floating-point binary
number.

Solution  Convert the decimal number to binary.
3.248 x 10* = 32480 = 111111011100000, = 1.1111101 1100000 x 2'

The MSB will not occupy a bit position because it is always a 1. Therefore, the
mantissa s the fractional 23-bit binary number 11111011100000000000000 and the
biased exponent is

14 + 127 = 141 = 10001101,

The complete floating-point number is

( l)h] 10001101 | 11111011100000000000000
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Arithmetic Operations with
Signed Numbers

Addition
Subtraction
Multiplication
Division
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Arithmetic Operations with Sighed Numbers
Addition of Signed Numbers
» The parts of an addition function are:

— Addend 00001111 15
Discard camry——> 1 00001001 9
— Sum

00000111 7 11111011 -5
+ 00000100 +4 + ol £+ =9
00001011 11 Discard carry——— 1 11110010 —14
00010000 16 01111101 125

+ 11101000 + —24 + 00111010 + 58
11111000 —8 10110111 183

Sign incorrect A

Magnitude incorrect —
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Arithmetic Operations with Sighed Numbers

Four conditions for adding numbers:
« Both numbers are positive.

A positive number that is larger than a
negative number.

* A negative number that is larger than a
positive number.

« Both numbers are negative.
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Arithmetic Operations with Signed Numbers

Signs for Addition

* When both numbers are positive, the
sum is positive.

* When the larger number is positive and
the smaller is negative, the sum is
positive. The carry is discarded.
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Arithmetic Operations with Signed Numbers

Signs for Addition

* When the larger number is negative and
the smaller is positive, the sum is
negative (2's complement form).

* When both numbers are negative, the
sum is negative (2's complement form).
The carry bit is discarded.
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Arithmetic Operations with Signhed Numbers

Subtraction of Signed Numbers
* The parts of a subtraction function are:

— Minuend

— Subtrahend Subtraction is addition with the sign of the
_ subtrahend changed.

— Difference

00001000 Minuend (+8)
+ 11111101 2’s complement of subtrahend (—3)

Discard carry——— 1 00000101 Difference (+5)
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Arithmetic Operations with Signed Numbers

Subtraction

* The sign of a positive or negative binary
number is changed by taking its 2's
complement

» To subtract two signed numbers, take
the 2’s complement of the subtrahend
and add. Discard any final carry bit.

Copyright ©2006 by Pearson Education, Inc.
Upper Saddle River, New Jersey 07458

Slide 22



Arithmetic Operations with Signed Numbers

Multiplication of Signed Numbers

* The parts of a multiplication function are:
— Multiplicand
— Multiplier
— Product

Multiplication is equivalent to adding a
number to itself a number of times equal to
the multiplier.
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Arithmetic Operations with Signed Numbers

There are two methods for multiplication:
 Direct addition
 Partial products

The method of partial products is the most
commonly used.
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Arithmetic Operations with Signed Numbers

Multiplication of Signed Numbers

* |f the signs are the same, the product is
positive.

* |f the signs are different, the product is
negative.
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Multiply the signed binary numbers: 01010011 (multiplicand) and 11000101

(multiphlier).

Step 1:

The sign bit of the multiplicand is O and the sign bit of the multiplier is 1.

The sign bit of the product will be 1 (negative).

Step 2: Take the 2's complement of the multiplier to put it in true form.

11000101 —— 00111011

Steps 3 and 4: The multiplication proceeds as follows. Notice that only the
magnitude bits are used in these steps.

1010011

X 0111011

1010011

+ 1010011

11111001
+ 0000000

011111001
+ 1010011

1110010001
+ 1010011

100011000001

+ 1010011
1001100100001

+ 00000600
1001100100001

Multiplicand
Multiplier

1st partial product
2nd partial product
Sum of Ist and 2nd
3rd partial product
Sum

4th partial product
Sum

5th partial product
Sum

6th partial product
Sum

7th partial product
Final product

Step 5:  Since the sign of the product is a 1 as determined in step 1, take the 2’s

complement of the product.

1001100100001 — > 0110011011111

Attach the sign bit

—> 1 0110011011111

by Pearson Education, Inc.
le River, New Jersey 07458
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Arithmetic Operations with Signed Numbers

Division of Signed Numbers

» The parts of a division operation are:
— Dividend
— Divisor
— Quotient

Division is equivalent to subtracting the
divisor from the dividend a number of
times equal to the quotient.
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Arithmetic Operations with Signed Numbers

Division of Signed Numbers

* |f the signs are the same, the quotient is
positive.

* |f the signs are different, the quotient is
negative.
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Hexadecimal Numbers

» Decimal, binary, and hexadecimal

Nu mbe IS DECIMAL BINARY HEXADECIMAL
0 0000 0
I 0001 1
2 0010 2
3 0011 3
4 0100 4
5 0101 5
6 0110 6
7 0111 7
8 1000 8
9 1001 9

10 1010 A
1 1011 B
12 1100 C
13 1101 D
14 1110 E
5 111 F
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Hexadecimal Numbers

* Binary-to-hexadecimal conversion

1. Break the binary number into 4-bit
groups

2. Replace each group with the
hexadecimal equivalent

Copyright ©2006 by Pearson Education, Inc.
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Hexadecimal Numbers

« Hexadecimal-to-decimal conversion

1. Convert the hexadecimal to groups of 4-bit
binary

2. Convert the binary to decimal
« Decimal-to-hexadecimal conversion
— Repeated division by 16

Copyright ©2006 by Pearson Education, Inc.
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Binary Coded Decimal (BCD)

Decimal and BCD digits

DECIMAL DIGIT 0 1 2 3 4 5 6 7 8 9
BCD 0000 0001 0010 0011 0100 0101 0110 0111 1000 1001

Convert each of the following decimal numbers to BCD:

(a) 35 (b) 98 (¢) L70 (d) 2469

Solution (a) 3 5 ) 9 8
,_L l l
00110101 10011000
e 1 7 0 @@ 2 4 6 9
S g

’_(}A_‘,_A_\,_A_\'_J\_\

000101110000 0010010001101001
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Digital Codes

DECIMAL  BINARY  GRAY CODE

° Gray COde 0 0000 0000
] 0001 0001

> 0010 0011

3 0011 0010

4 0100 0110

5 0101 0111

6 ol 0101

7 g1t 0100

8 1000 1100

9 1001 1101

10 1010 1111

11 1011 1110

1 1100 1010

13 1101 1011

14 1110 1001
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Binary-to-gray

gray-to-Binary

1. The most significant bit (left-most) in the Gray code is the same as the
corresponding MSB in the binary number.

2. Going from left to right, add each adjacent pair of binary code bits to get the next
Gray code bit. Discard carries.

For example, the conversion of the binary number 101 10 to Gray code is as follows:

I— >»0-+ > 11—+ —>1~-+—>0 Binary
l 4 l \) l
1 I | 0 1 Gray

The Gray code 1s 11101.

1. The most significant bit (left-most) in the binary code is the same as the
corresponding bit in the Gray code.

2. Add each binary code bit generated to the Gray code bit in the next adjacent
position. Discard carries.

For example, the conversion of the Gray code word 11011 to binary is as follows:

] 1 0 1 1 Gray
, 2 i ,
170 g~ 17 @ Binary

The binary number is 10010.
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Contact brushes in a fixed
position slide along the surface
of the rotating conductive rings

3-bit
Gray

001 ‘ code
/”I

(a) Binary (b) Gray code
111 oo 100 0ao
113 oot 101 001
AR r—n I
/! (o]t H HEE
101 010 111 011
100 a1i 110 J10

*Wakerly
Bl nal’y G ray Copyright ©2006 by Pearson Education, Inc.
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Digital Codes

» ASCII code (control characters)

NAME

NUL
SOH
ST
Bl

HOT.

ENQ

ACK

BEL
B
> :IIU
o

IF

VaEE

EF

R
280

SI

DEC BINARY

by

AN a8 o

12

_ .
T4
15

- 0000000

0000001
0000010
0000011

0000110

0001000

0001101

0001110
0001101

0000100
0000101

0000111

0001001
- 0001010
0001011
0001100

HEX NAME

00
01
02

03
04

0

08
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,L.O9;_:
0D
OE
 OF

 DLE
e

- DC2
. DC3
DC4
NAK
SYN

ETB

CAN
EM

SUB

ESC

ES

GS
RS
- US

DEC

.
o

18

19

20

21

22
23
24

25

26
27
28
29

30

31

BINARY  HEX
0010000
0010001
0010010
0010011
- 0010100

0010101

- 0010110

0010111
0011000
0011001
0011010
0011011
0011100

0011101

0011110
0011111

S
i
B
b
4
5

6

17
18

19

1A

IB

L e

1D
1E

ol

on Education, Inc.
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« ASCII code (graphic symbols 20h — 3Fh)

- 48

space 3 :
' 49

Digital Codes

32

33

0100000
0100001

- 0100010
0100011
0100100
0100101
0100110
0100111
- 0101000
0101001
0101010
0101011
0101100

0101101

0101110

0101111

20

9

23

24

25
26
27
28
'j29
2A

OB
L

2D
o
2F
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22

0

Gion O N S A e

M

It

TS

50
51

02
53

54
55
56
37
38
59
60
61
62
63

0110000

0110001

0110010
0110011

0110100
0110101
0lL10110

0110111
0111000
0111001

0111010

0111011
0111100

0111101

0111110
OLLTLL]

34

38
39

3F

30
31
32
33

35
36
37

3A
3B
3C
3D
3E
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B

cZzTos T omno 6w

64

65
66
S 67

68

. o
0
o

7

B

a

s

.
"
B

79

Digital Codes
« ASCII code (graphic symbols 40h — 5Fh)

SYMBOL DEC

BINARY

- 1000000

1000001

1000010
1000011
1000100

1000111

1001000
1001001
- 1001010
1001011
1001100
1001101

1001110

1001111

1000101
1000110

HEX
40
41
o
A

44

45
46
47
i
49

4A

4D

4F
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SYMBOL DEC

'-U

>-»r-«~t~a»<::><t_€<:<:_-1_m-'wc.

80

31

.
83

84
85

86
87
88

89

90

91

92
93
94
95

BINARY  HEX

1010000
1010001
1010010
1010011
1010100
1010101

1010110
1010111
1011000
1011001
1011010

1011011
1011100

1011101
1011110

1011111

50

S
52
53

54
55

56
57
58
59

5A

5B
5C

5D

SE
SE
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Digital Codes
« ASCII code (graphic symbols 60h — 7Fh)

SYMBOL DEC  BINARY HEX | SYMBOL BINARY  HEX
0 1100000 60 | p 12 110000 70
a 97 1100001 61 g 3 dieor T
b o8 1100010 62 L e
o 99 1100011 63 s 115 lio0it 73
d 100 1100100 64 3 116 1110100 74
e 0L dleolol . es | w IIT . B0l TS
Sfe 102 -1__1001”10 66 v 118 1110110 76
g 103 10011 67 w 1o 1ol 7
b 104 1101000 68 x 120 1111000 78
i 05 It 60 y 20 110 7
. 106 1101010 6A 2 122 1111010 7A
kK 0 ol e { 123 lIlioll 7B
. 18 loll0 sC | 124 1111100 7C
m 109 1101101 6D } 125 1111101 7D
n 110 1101110 GE - tps e g 7E
6 0L HoHH . BE D 127 1111111 IR

Copyright ©2006 by Pearson Education, Inc.
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Digital Codes

Extended ASCII code (80h — FFh)
* Non-English alphabetic characters

Currency symbols
Greek letters

Math symbols

Drawing characters

Bar graphing characters
Shading characters

Slide 40
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Error Detection and Correction Codes

 Parity error codes

EVEN PARITY | ODD PARITY |
BCD BCD |

P P
0 0000 1 e
1 om0 B 0001
I bolp 0 - 0010
0 oty 1 o]

1. Dbioo 0 mos
0 0101 1 olel

0 0110 1 ol
1 0111 0 0111
i 1000 0 1000
0 1001 1 1001
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Error Detection and Correction Codes

0000000 0
: 0001101 1

[
Hamming error codes - )
— Hamming code words 0011010 3
— Hex equivalent of the data O o ;s
, 9 0101110 5
bits 0110100 6
— Example (7,4) Hamming U /
. 4-bit M 1000110 8
« 3-bit Parity-check c,c,c, 1010001 A
« Hamming code = message + 1011100 B
parity-check (X5X,X;X4CoC1Cp) 1100101 C
3 Here, Co = Xo + Xy + Xg, 1101000 D
1110010 E
C-| =X3+X2+X1,CZ=X3+X1 +X0 1111111 F

( “+” here mean exclusive-or)
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