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1 Introduction

For efficient point-to-point transmission of power and information, the source energy must be

directed or guided. Here, the transverse electromagnetic (TEM) waves guided by transmission

lines will be discussed. The characteristics of TEM waves here are the same as those for a

uniform plane wave propagating in an unbounded dielectric medium. Basically, these TEM

waves are like “guided” waves on a line in contrast with “unguided” waves in free space for
radiated waves.

There are three common types of guiding structures that support TEM waves, namely, parallel-

plate transmission line, two-wire transmission line, and coaxial transmission line. The

following points should be first pointed out here:

1. Only perfect conductor supports TEM mode whose electric field has only component
perpendicular to the line. For good conductors, longitudinal component can exist due to the
line currents passing through the “imperfect” conductors. This mode is referred to as the
“quasi-TEM” mode.

2. Inaddition, if the surrounding medium is lossy (either through Ohmic loss or dielectric loss
of the medium), this additional loss should also be taken into account.

2 General Transmission-Line Equations

In general, transmission lines are used when the physical dimensions of electric networks are
usually a considerable fraction of a wavelength (typically, larger than quarter-wavelength) and
may even be many wavelengths long, whereas ordinary circuit theory is applied to networks
considerably much smaller than the operating wavelength. A transmission line is a distributed-
parameter network, or “distributed” circuit, and must be described by circuit parameters that
are distributed throughout its length, while ordinary electric networks are considered “lumped”
circuits, whose elements are discrete and currents flowing in lumped-circuit elements do not
vary spatially over the elements.

Now, consider a “lossy” transmission line consisting of two wires in Xz-plane shown in Figure
1. Applying Faraday’s law

0B
ifcs-dI:—J'SE-ds (1.1)
to the contour C and surface S shown in (a) yields

% z+Az 20z ox, OB, (X, Z; 1
J; [6,(x, 2+ Az;t) - &, (x, z;t)]dx+L 6, (¢, ;1) — &, (%, ;1) Jdz = —L i L dedz
(1.2)
Define the voltage between the wires
v(z;t) = —Ixz &, (x, z)dx, (1.3)
X
then, v(z +Az;t)—v(z;t) = —LXZ [6,(x, 2+ Az;t) - &, (%, z;t) [dx. (1.4)
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Fig. 1. Contours and surfaces for the derivation of the transmission-line equations

¥

Suppose a current i(z)exists in the upper wire in the positive z direction and returning in the
lower wire. Assume that the losses in the wires can be lumped as an impedance through which
i(z) passes. The lossy nature of the conductors will result in the resistance per unit length, R.
There is also the internal inductance per unit length Li due to the current i(z)partially
penetrating the wires, which are not perfect conductors. Thus,

J‘ZMZ [6,(x,2) - &,(%,, 2)|dz = —RAZi(z;t) - LAz a (azt;t) : (1.5)

Furthermore, the RHS of (1.2) is related to the magnetic flux external to the wires produced by
the current, i.e.,

i(zit)azL, =~ [, (x, z;t)dxdz (1.6)

where L. denotes the external inductance per unit length.
Substituting (1.4),( 1.5),( 1.6) into (1.2) yields

v(z+Az;t)—-v(z;t) = —[(Ri(z;t)+(Li +L,) al(;t;t)}Az .7)
Dividing both sides by Az and taking the limit as Az — 0, we obtain
_ov(zh) _ Ri(z;t)+L%, (1.8)

where L = Li + Le. Now, consider Figure 1(b). Applying the continuity equation to the surface
S yields

dQ
ds=——= 1.9
f o ds=—p (L9)
where Q is the total charge enclosed by S. Over the ends of the cylinder
§s $-ds=i(z+Az;t)-i(z;t). (1.10)

Over the sides of the cylinder, the conductivity of the medium results in a transverse conduction
current through S, so that

§s §-ds = GAv(z;t) (1.11)

where G is the per-unit length conductance between the wires produced by the lossy medium.
In addition, let C denote the per-unit length capacitance, then over the length Az
Q=CAzv(z;1) (1.12)
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Inserting (1.10),( 1.11),( 1.12) into (1.9) yields
1(z+Az;t)—i(z;t) + GAzv(z;t) = —CAZ% (1.13)

Rewriting (1.13), then dividing both sides by Az and
taking the limit as Az — 0, we obtain
ov(z;t)

ot

_9EY _ Gzt c 2D (1.14)
0z

Therefore, the per-unit length model can be shown in  F19- 2: The per-unit length model of a lossy
Figure 2. Equations (1.8) and (1.14) are a pair of transmission line
first-order partial differential equations in v(z;t) and i(z;t), which are called the general
transmission line equations or telegrapher’s equations.
For the time-harmonic electromagnetic field, the use of phasor representation helps simplify
the analysis. Introducing the following quantities:

8(x, z;t) = Re[E(x, 2)e |; 0(x, z;t) = Re|H(x, 2)e’* |; B(x, z;t) = Re[B(x, 2)e* |;
§0,2:1) =Rel(x, 2)e |; Q(x,z:1) = RelQ(x, 2)e |

v(z;t) =RelV (2)e™ |;i(z;t) = Re|l ()™,

where E, H, B, J are vector phasors, and V, | are (scalar) phasors, then equations (1.8) and
(1.14) become

_dv(z) dl(z)
=71(z 1.15a -——

" (z)  (1.159) &
whereZ =R+ jol and Y=G+ JaC . Equations (1.15a) and (1.15b) are called time-harmonic

transmission-line equations, which is useful for steady state analysis with sinusoidal
waveform. Note that phasors are complex quantities in general.
From (1.15a) and (1.15b), one obtains the wave equations for the lossy case as follows:

daV/(z) d’I(2)
dz? dz*

=YV (2) (1.15h),

=7V (2) =y~ (2) (1.16a) =ZYI(z) =y%1(z)  (1.16b),

where yis the propagation constant given by

y=a+jB=vZY¥ = J(R+ joL)(G + juC) (1.17)

(e is called attenuation constant [Np/m] and g is called phase constant [rad/m]). These
equations are similar to wave equations in lossy media which can be derived from Maxwell’s

equations. They would reduce to those for the lossless case when R = G = 0, which are quite
similar to those for the waves in lossless media. The solutions to (1.16) become

V(z) =V e” +V e” =V, e %e 1V e%el” (1.18a)
1(2)=1je7” +1,8" =1;e e /™ +1,e%e!” (1.18b),
where the plus and minus superscripts denote waves traveling in the +z and —z directions,
respectively, and Vo*, lo* denote wave amplitudes. Substituting (1.18) into (1.15) yields the

relationships between voltage and current wave amplitudes, which are defined as the
characteristic impedance:
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; Vo _ Vo _RtjoL_  y _|Z_ [R+jel (1.19)
o 7 G+jaoC VY |G+ jaC

Clearly, using Zo, (1.18b) can be rewritten as

1(z) = Vo g Vo gr Vo gagim Vo gagin (1.20)
ZO ZO ZO ZO

Note that V(z) and 1(z) are similar to the plane wave (electric field, magnetic field) in a lossy
medium. The wave decays in z direction due to the e® and e terms. The velocity of
propagation or the phase velocity is given by

u, =%with A=Im(y) (1.21)

Attenuation constant has unit Np/m where 1 Np/m means attenuation factor 1/e after 1-m
propagation. Typically represented in dB unit where ags = 20logi0e” = 8.686 and o =1 Np/m
->8.686 dB/m.
Note that y and Zo are characteristic properties of a transmission line, which depend on R, L,
G, Cand w.
Special Cases For the following special cases, the expressions are simplified.
1. Lossless Line (R=0,G=0)

a) Propagation constant:

y=a+|f= ja)\/ﬁ : a=0; f=wJLC (linear function of o)

b) Phase velocity

u —Q—L(constant)
B JLC

c) Characteristic impedance

. L L
ZO=RO+JXO=JE; R0=\/g;XO:O

For the lossless lines, y =a+ jf = jB;u :l/\/L_C;,B =w/u =2 /u. Thus, the propagation
constant (the phase constant) is linearly dependent on frequency, i.e., linear phase, but the phase
velocity is independent of frequency.
2. Low-loss Line or slightly lossy (R << wL, G << «C) low-loss conditions are more easily
satisfied at very high frequencies.

a) Propagation constant:

1/2 1/2
y=a+jf=]jolLC 1+_l 1+_i =~ jovLC|1+- R 1+- G
JoL JaC J2mL J20C

~ jw\/ﬁ{l+%[%+gﬂ

C

2w
1 C L . :
o= E(R\/E+G\/2J ; 3=~ LC (linear function of w)

b) Phase velocity
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~ —— (constant)

c) Characteristic impedance

1/2 -1/2
zO:Rﬁij:ﬁHL PRI R [ P (s_gj
C jolL jaC C j2o\L C
oS
X C 2w

3. Distortionless Line (R/L = G/C)

|Il

For the lossy lines, if the condition T :% is satisfied, then

a) Propagation constant:

7 =+(R+ joL)(G + jaC) :\/R(1+ wa)G(1+ ja)g) =\/ﬁ(1+ ja)%j=a+ iB

or a=\/ﬁ;ﬂ=a)\/R_ a)C\/7 a)C\/7 oJLC

b) Phase velocity: u Z: (constant)

JLC

c¢) Characteristic impedance

7 R 4, = [REIOL R(1+WL/R)=\/E=\E:Ro=\/z:xo=0-
G+jeC \G(+jeCiG) VG VC C

Thus, a does not depend on frequency, £ is linearly dependent on frequency, which is similar
to the lossless lines, and there is no distortion. Thus, it is called “distortionless™ lines. If two
frequency components have different phase velocity, then the signal will distort. For example,
let y = cos(ant-1z) cos(ant-fz), and @z = San, 1= 2. Figure 3 shows the signal at z=0 and
z=/ for different uy, u..

In general, the phase constant is not a linear function of «, thus it will lead to a up, which
depends on frequency. As the different components of a signal propagate along the line with
different velocities, the signal suffer dispersion. A general, lossy transmission line is therefore
dispersive, as is a lossy dielectric.

Signal at z=L
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Fig. 3 : Signal distortion
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Example 2.1 A distortionless line has Zo = 60 Q, =20 mNp/m, u = 0.6¢, where c is the speed
of light ina vacuum. Find R, L, G, C and A at 100 MHz.

3 Transmission-Line Parameters
Capacitance Recall that the total charge is related to the voltage by Q = CV, the capacitance
can be found from

§ D-ds §5E ds
-[E- d - [E-di’
Conductance (the shunt resistance) When the dielectric medium is lossy (having a small but

nonzero conductivity), a current will flow from the positive to the negative conductor, and a
current density field will be established in the medium. Using the Ohm’s law, J = oE, yields

| i\]-ds _ffSOE'dS
__—jLE-dl_-jLE-dl'

For homogeneous media (or when o and & have the same spatial dependence) the following
relationship holds:

C_¢

G o

which is derived from two above equations.

Inductance The inductance can be directly calculated from

K des ifyH -ds
f\]ds j:oEds

However, a comparison of the propagation constant for the TEM wave on a transmission line
with R = 0 and that for the wave in a medium with constitutive parameters (u, &, o)

1/2 1/2
:ja)\/LC(1+jiwC] C Y= ja)\/_(l+—J

joe

together with C/G = g oyields

LC = ue

Resistance Series resistance R is determined by introducing a small E; as a slight perturbation
of the TEM wave and by finding the Ohmic power dissipated in a unit length of the line.
Typically, it is calculated by the resistance due to the skin depth.

i) Parallel plate transmission line Let w, d denote the width, separation and assume the medium
between plates has constitutive parameters (¢, ¢, o), then
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ceeWit—udigooW

d W d
The per-unit-length resistance can be calculated from R = 1/aS, where oc denotes the
conductivity of the conducting plate and S denotes the cross section which equals the product
of width w and skin depth 6. Thus,
2 _2 [du,

R= = s
oW W

O-C
where 1 denotes the permeability of the plate and f is the frequency. Also, the factor 2 comes from the

fact that the transmission line consists of two plates. Note also that a good conductor is assumed here
in the calculation of skin depth, i.e.,

1

VAo,

ii) Two-wire transmission line Assume the two conducting wires of radius a, separated by D in the
medium with constitutive parameters (u, & o), then

o=

=™ | =Hcosh'(D/2a);G=——2 _ and
cosh™(D/2a) T cosh™(D/2a)
2 2 1 7zf,uC

R =

o) 0'27za6 07za5 ma

iii) Coaxial transmission line Assume the (mner, outer) radii be (a, b) and the medium with constitutive
parameters (., &, o), then
_ 2 M pbigl 2m0 oy
In(b/a) 2r a In(b/a)

Aol .1 1 (1.1 113%1‘%
0S8, 0S5, o.275\a b “2zla b

Note that (Si, So) in the equation above denote the cross sections of the (inner,outer) conductors,
respectively.

4 Wave Characteristics on Finite Transmission Lines (Steady State Analysis)

Consider the finite transmission line shown in Fig. 4. The length of the line is £ Then,

Zg _IT% i T I, Y
OV, v A )y |z
A : L |

Z‘:ﬁo Z >le 7'=FZ —ﬂ:’

7'=/ 7'=

Fig. 4: Finite transmission line terminated with load impedance Z..
7 (V) _W_Voe 7V, e Vye " +V, e
0 e ile" Ve Z,-Vie'lZ,

| 4.1).
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Recall thatV (z) =V, e +V, e (4.2a); 1 (z) = \é—oe"" —\ge’“ (4.2b), thus,
0 0
— —\/*ta " -t . _ _Vo+ -7 Voi 7
V. =V({)=V,e” +V,e" (43a);1, =1(0) —Z—e —Z—e (4.3b).
0 0

Solving for V,',V, from the above equations yields

A =%(vL +1,Z, )" ='7L(zL +Z, )" (4.4a); V, =%(vL 1,2, =*(Z, -2, (4.4b).

L
2
Substituting (4.4a),( 4.4b) into (4.2a),( 4.2b) yields
V@) =z 2 ) (2 -2, ] (@50

I (Z) - ZIZL [(ZL + Zo )ey(ﬁiz) _(ZL - Zo )eiy(/ﬁ)] (4'5b)'

Introducing a new variable z’=/-z, then (4.5) can be rewritten as
o . o , I : L
V(') = ?L[(zL +Z, " +(Z, - Z, " |(4.68) 1(z) = i[(ZL 12, " —(2, -2, ] (4.6b).
0
The use of hyperbolic functions simplifies the equations above to be

V(z') = 1,[Z, coshyz'+Z,sinh jz'] (4.7a) 1(z') =|Z—L[ZLsinh 7'+Z,coshyz'| (4.7b).

0
The ratio of (V(z')/I(z’) is the impedance when one looks toward the load end of the line at a
distance z’ from the load, which is given by
V(z') 7 Z coshyz'+Z,sinhyz'  _ Z, +Z,tanh yz'
I(z') ~°Z, sinhjyz'+Z,coshyz’ ~°Z,+Z, tanhz'

Z(z') = (4.8).

At the source end of the line z’=/ the generator looking into the line sees an input impedance
Zin, Which is given by

Z +Z,tanh p
®Z,+Z tanh y7
Then the load impedance and the transmission line can be replaced by the input impedance Zin
as depicted in Fig. 5. The input voltage Vi and input current I; in Fig. 5 are found from the
equivalent circuit as follows:

Zin
V, = A v, (4.10) Zg 4|>—?—f
|
Vg .
I, = YA (4.11) @Vg Zin Vi

The average power delivered by the generator to the :B |
input terminals of the line is

Z =2(2=0)=2 (4.9).

Fig. 5: Equivalent circuit for finite

1
(Py) = > Re[V;l;*], (4.12) transmission line at generator end

and the average power delivered to the load is
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2
1 1V
)L :EReI_\/LIL ]:EZ_L

For a lossless transmission line, conservation of power requires that (Pav)i = (Pav)L.
Note that once Vi, |; are obtained, Vo* can be calculated from (4.2a),(4.2b) as

vV, Vo
z, z,
then the voltage and current along the transmission line can be found.

(P

av

1
R, :§|IL|2RL (4.13).

L

V(z=0)=V, =V, +V,:1(z=0)= I, =

Voltage Reflection Coefficient and Voltage Standing Wave Ratio (VSWR)
Define the “complex” voltage reflection coefficient as

- _
_Voe A 027

[(z)=-"—="¢e", (4.14)
Vye” V)

then (4.2a), (4.2b) can be rewritten as
V(z):V0+e"“[1+F(z)] (4.15a) I(z)=\;—°+eﬂ[1—1“(z)] (4.15b).
It follows that

V(z) 5 1+I(2)
Z(2) = ) _Z°1—F(z) (4.16)
and
2(z=0)=YO _7 _7 L) _, 1+ (4.17)

1))y - T°1-r@) °1-1°
Therefore, the voltage reflection coefficient at the load is given by
ZL — Zo

=752 =T, |e'™. (4.18)
Then from (4.14),
xz _T(0)e? =T,e?", (4.19)
thus, T'(z) =T, e . (4.20)

The magnitude ratio of the maximum to the minimum voltages along a finite, terminated line
is defined as the voltage standing wave ratio (VSWR), i.e.,
VSWR=S =|Vmax|:1+|rl,

v 1-|T|

which measures “degree of mismatch”. S=1 denotes the matched-load condition.

(4.21)

min |

Power Flow Due to losses, the power is a function of the position on the line.
*

P.,(2) =%Re[\/(z)l *(z)]:%Re (\/Je‘”’ze"'ﬁz JrVO‘e"’Ze"ﬁz{\;ie‘”’ze‘j/’Z —\;ie“ze”’z) (4.22)

0 0

Recall that
V(2) =V, e ™[1+T(z)] (4.15a) I(z)=\;—°+e”[l—l“(2)] (4.15b),

0
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then,

P,(2) = %Re V, e L+ F(z)(\é—ge"") [1—1“(2)]*

(4.23)

- %M

The law of energy conservation requires that the rate of decrease of Pay(z) with distance along
the line equals the time-average power loss P per unit length. Thus,

2 .
220 g 1-|0(z)| +*12Im1“(z)
ZO

- apg(Z) - PL(Z) = 2al:)av(z) ' (424)
Z
from which we obtain the following formula:
P.(2)
= Np/ 4.25
@ = 5m iy NP/ (4.25)

Example 4.1 A certain transmission line operating at o= 10° rad/s has o= 8 dB/m, #=1rad/m,
and Zo = 60 + j40 Q, and is 2 m long. If the line is connected to a generator of 1020 V, Zy= 40
Q and terminated by a load of 20 + j50 Q, determine

a) The input impedance

b) The sending end current

c) The power at the sending end and the load

10
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5 Steady State Analysis of Lossless Transmission Lines
In most practical applications, low-loss transmission lines are used and thus they can be
approximated as lossless to simplify the analysis. As previously mentioned, for lossless lines,
y=a+jf=joJLC (6.1); =0 (5.2); B=w/LC (5.3).
Hence, the input impedance becomes
z -7, Z + !ZO tan g¢ . (5.4)

Z,+ JZ tan Bl
where Zo is real. Note that /= w//up = 2rz/ A, thus it is more convenient to express 7 in terms
of wavelength, i.e., 4 = up/f. Also, the voltage reflection coefficient becomes

v, el -

Vo gizr _1 gizhn i
I'(z)= _V+ SvE el =T e =|r e . (5.5)
and V(z) =V, e " 1V, e =V, e 1+ T'(2)]. (5.6)
Let V' :M "V =Ny el then m
(©\ /";\,
|r(z)| =|r|,and 6, =2p2-0"+0 =4mI1-0"+0". N
Vo' -7 1 A Re

1+I'(z) can be illustrated in the complex plane as shown in Fig.
6, which is often referred to as the crank diagram.
It follows that

V(@)=

V@) =M r@) 671 V@ =Me-r@))  G8)
Clearly, for a matched load |I'L|=0 and |V (2)|max=|V (Z) |min.
The VSWR then becomes

Fig. 6: The crank diagram

VSWR S |Vmax | _ l+ | F(Z) | 1+ | 1_‘L | ] (59)
Ve | 1-IT()] 1-|T, |
S-1
Alternatively, [[(z)|=|I |=<— STl (5.10)

Power Flow The average power is given by

(z)——Re[\/(z)I*(z)]_—Re (V e v el Vo goim Vo gim
2 Z, Z,

(5.11)

1 Voe Y 1| 2
—RelV;e Jﬁ‘l(lJrr(z))( ; j 1-T*(2)) =§NZO (1—|FL| )

0

(5.11) can be found from summing power traveling in +z and —z directions as follows:

L2
0

Z,

(z)——ReB/ @)1 *(2)]= lRe[v e ,szZ el/ﬂ]% (5.12)

0

11
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()= L - * (]t - jﬂzvo_* -ip _EM_Z_EM+Z|FL|2
P.(2) = 2Reb/ @)1 *@2)]= 2Re[voe S ]_ 27 "7 2 (5.13)
P.(2) =P, (2) + P, (2) =£—M | (1‘|F |2) (5.14)

av av av 2 Z L * '

0
Note that the power is uniform along the transmission line, i.e., independent of the position on
the line, thus the power delivered to the line is the same as the power delivered to the load.

P P,
Clearly, —2vrefected — —av - |1"L|2. (5.15)
av,incident Pav

Also, the power delivered to the line and to the load can be found from

1 1 [vov=*o] 1M 7
P Lrevon*o]=1r - /7 N(0)=—5 v (5.16
av,toline 2 e[ ( ) ( )] 2 € Z: :| 2 |Zin|cos n ( ) Zin +Zg 9( )
1 1 [vev=@ | 1M
Pavtoload:_Re[v(f)l*(g)]:_Re * ==Lt COSZZL. (5.17)
* 2 2 77 22|

Special Cases
a) Short-circuit load (ZL = 0)
Z, = jZ,tan pt = jZ,tan(2¢/ 1), which implies an “inductive” reactance.
[T'L|=1 — No power delivered to load (i.e., the load does not consume any power).
b) Open-circuit load (ZL = )
Z,=Z,/(jtan pr)=—jZ,/tan(2z¢/ 1) , which implies a “capacitive” reactance.
[T'L|=1 — No power delivered to load (i.e., the load does not consume any power).
¢) Matched load (Z. = Zo)
Zin=1,
T|=0 — P,, =P,,— all power is delivered to the load.
d) Quarter-wavelength transmission line (/= A/4)
Since pr=nl2, tan fr — oo, thus
ZL

It follows that T'(0) =T e '*" =T, and
forZ. =0, T =-1,I'(0) = 1, Zin=c0 : short-circuit — open-circuit

Z =, ' .=1,T(0) =-1, Zin=0 : open-circuit — short-circuit
¢) Transmission lines’ length equal multiples of half-wavelength (/= nA/2)

Since pr=nm, tan pr = 0, thus Zin = Zy, i.e., input impedance is equal to load impedance.
Note also that since function tan(x) is a “periodic” function with period T,
tan gl =tan(pBl tnx)=tan p({ tnx/ pg)=tan (¢ +nA/2),n=123,...,

thus adding multiples of half-wavelength does not change the input impedance.

12
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Example 5.1 A 10-m section of lossless transmission line having Zo = 50 Q and u = 200 m/us
is driven by a 26-MHz generator having an open-circuit voltage of V4 = 100 V and generator
impedance Zg =50 Q. The line terminated in a load impedance of Z. = 100 + j50 Q. Determine
the input impedance to the line and the instantaneous voltage at the input to the line and the at
the load, i.e., V(0, t) and V(4 t).

Example 5.2 A 1-m section of lossless transmission line having C = 200 pF/m and L = 0.5
uH/m is driven by a 30-MHz generator having an open-circuit voltage of Vg = 1V and generator
impedance Zg =10 Q. The line terminated in a load impedance of Z, = 100 + j50 Q. Determine
the load voltage and the average power delivered to the line and to the load.

13
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6 Transient Analysis

In this section, the transient behavior of lossless transmission lines will be discussed. Such
practical situations include cases where non-time-harmonic signals are used or where the
conditions are not steady-state. Examples are digital (pulse) signals in computer networks and
sudden surges in power and telephone lines.

Recall that the general transmission line equations previously derived are given for lossless
transmission lines by

vt | ai(z) 612) and — @D _c V@Y (540
oz ot 0z ot
and the wave equations derived from (6.1a), (6.1b) are
) ] 2 20 2;
NG _ VD g ag TIED 0@ (g
oz ot or a

The general solutions to (6.2a), (6.2b) are

v(z;t)=v(t—-z/u)+v (t+z/u) (6.3a) i(z;t)=i"(t—z/u)+i (t+z/u) (6.3b)
where +,- signs denote the waves traveling in +z, -z, respectively. v, v', i, i" depend on t, z and
u.

Proof

As before, i* can be related to v* via the characteristic impedance as

i"(t—z/u)=v"(t—z/u)/Z,; (6.4a) i"(t+z/u)=—-v (t+z/u)/Z, (6.4b)
where Z,=+/L/C . Hence,
i(z;t) = v (t—z/u)-v (t+2/u)]/ Z, (6.5)

Now, consider a terminated transmission line where a generator with generator resistance Ry is
applied at t = 0, as depicted in Fig. 7.

—O e O

rd ! +
v(o) V(@Y vl[zl,t) (U,Zo) ‘Vﬂ v(4t) RL§
Zc\é 0 z :FZ;[ Z2 !/

Fig. 7: A generator applied to a terminated lossless line at t = 0.

Atthe load end (z = ), v(/4;t) = R i(4;t) (6.6)

The discontinuity at the load results in the reflection. Recall the voltage reflection coefficient
mentioned previously, which is given by

v (t+//u)
Cvt=r/u)
Using I'L to rewrite v, i at the load as

(6.7)

L
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vty =vit—L/u)+v (t+2/u)=vi(t—C/u)1+T)) (6.8a)

() = @ —e1u)—v (E+ 01U Zy =v' (t—C/u)1-T,)/Z,  (6.8b)

Likewise, the current reflection coefficient can be defined as

T - ?’(t+(/u) .
i"(t—2/u)

Substituting (6.8a),(6.8b) into (6.6) yields

Vit—¢/u)@+T) =RV (t—¢/u)Q-T,)/Z, or

(6.9)

1+T,
R =Z L, 6.10
=Ly (610)
Solving for I'. yields
PRz g
R +Z,

which is the same as that for the steady-state analysis, except this 'L is real. Note that at the
load, reflection is like a mirror; reflected wave v', a replica of v which is flipped around and is
multiplied by T't, is a “mirror image” of v*.

Now, consider the portion of the line at the generator end z = 0. Let T = //u be the time delay
and the generator is turned on att = 0.

During 0 <t < 2T, no backward-traveling waves will appear at z = 0. Thus,

v(0;t) =v (t—0/u),0<t<2T (6.12a) i(0;t)=v (t-0/u)/Z,,0<t<2T (6.12b)
Hence, the ratio of the voltage and current on the line is Zo for 0<t < 2T, i.e., the input
impedance seen by the generator is Zo during 0 <t < 2T . Thus,

v(0;t) =V, (t) - R,i(0;t) =V, () - R v(0;t)/ Z,, (6.13)

ZO

so that v(0;t) = >R Vo (1), 0<t<2T. (6.14)

0T g
Therefore, the initial v* has the same shape as Vy(t) and is multiplied by Zo/(Zo+Rg). Likewise,

i(O;t)=Vg—(t),O§t32T. (6.15)
Zy+R,
After 2T, there exist backward-traveling waves at the generator end. The discontinuity at this
end will cause the reflection in the same manner as that at the load end. Define the voltage
reflection coefficient at the generator as
_ v (t+0/u)
9 v (t-0/u)’

v(0;t) =v7(t-0/u)+v (t+0/u) =v" (t-0/u)1+TI7) (6.17a)

(6.16) then

i(0;t) = [v* (¢ —0/u)—v (t+0/u) |/ Z, = v (t-0/u)1-T,)/Z,  (6.17h)
Since v(0;t) = R;i(0;t),
V' (t—0/u)1+T,) = Ryv* (t—0/u)(L-T,)/Z, or

1+T
R, =2, g

. .
1-T,

(6.18)
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Solving for Iy yields
- _Ri-Z
P R +Z,’
which is similar to the voltage reflection coefficient at the load. The reflections at both ends
will continue until the system reaches the steady-state.
Reflection Diagram or Bounce Diagram To calculate the ,
voltage and current at a particular time and location on a |
transmission line with arbitrary resistive load tends to be QT |
tedious and difficult to visualize when there are many !
|
|
|

(6.19)

At

reflected waves. In such cases, the graphical construction of Ff rav; oT

a reflection diagram (or a bounce diagram) is helpful. Fig. 8

shows a typical reflection diagram. V," in the figure denotes

the initial voltage, i.e., v(0;t) in (6.14). It will take the time T

for this wave to reach the load end and then the reflection will

take place creating a reflected wave, which will reach the 2T

generator end at the time 2T. These processes will continue

until the steady-state.

If one is interested in finding the voltage at a specific location

on the line, say z, first find the time when each wave reaches 0

that location, as denoted here by ti, t> and vice versa in the

figure. These are time instants when the voltage
discontinuities occur. Then the voltage at these instants can be obtained by simply adding all
components together.

4T

_———k

rrv.— 3T

~+

T

—+
NE—-INS

z
>

Fig. 8: A reflection diagram

Example 6.1 Consider a 400-m section of lossless transmission line having Zo =50 Q and u =
200 m/us connected to a load Z. = 100 Q. At t = 0 a 30-V battery with zero generator
resistance is connected to the line. Sketch the distribution of voltage along the line for
several instants of time. Then sketch the voltage at the load to the line, v(#;t), as a function of
time for 16 ps.

30V Total=30V

10V
- m———-
| Total=0V .y -
z=0 z=200m z=400m z=600m z
(byt=1 ps
Total =40 V
Total =30V I 0V
______________ q
|
v -
‘__r_— ______ m T
L ! 1 -
z=0 z=300m z=400m z=3500m z
(¢)t=2.5us
Total = 40 V
Total=30v [ __
Jov
"',L | z=100m |
z=0 j—— z=400m z
_________ —10V )
(d)t=4.5ps
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Total =30V 3y
________ 30V i sy
L 1oV foal=2667V
_______ ; 2=300m z=400m z=500m
z=0 By e L :
-10V /
—~3.33V
(e)t=6.5pus
e, n
Total= 40 V
30V Total=31.11V
Tonl= 2667V Total = 29.63 V
i 10V
______ . ————— e
L11YV 333V
6 Ty e TTET T
1 [ L 4 1 ) prerr—ee=ldali-lfa
12 3 4 5 1 7 8 9 10 11 12 13 _/C*E—H"S-——S Hu
r——————— e ——— _%"-- s)
| —333V —37v — LIV
L i
-10V

Example 6.2 Repeat the previous example where the voltage source is a pulse of 30 V but

duration 1 ps. The generator resistance remains zero.
30V Total=30V

— 10V
L ":__—-—_
z=0 z=200m z=400m 2=600m z
(B)t=1 ps
Total=40V
L _0v__
|
Total=10V | 1oV -
A e | ]
1 1 - 1 1 L
z=0 2=250m [2=350m |z=450m|z=550m z
z=300m z=400m z=500m
(c)t =275 ps
Total=0V
v z=50m
-ETTmmm T | z=150m  o=qv |
T —
L_z=0 | z=400m z
—10V  Total=-10V
(d) t=4.75 us
—3.33V
z=400 m
. z=250m\z=350m|z=450m z=550m
1 ] - - ]
-0 |—— H "z
z Total= — 3.33 V i o :
Total=—1333V - 10V
(e)t=6.75us
40V
10V
-10v
_A"/JE s 4us fus us 18us
- V(R2:1)

Time

17



Transmission Lines

Example 6.3 Consider a 400-m length of coaxial cable with C = 100 pF/m and L =0.25 uH/m.
The cable is terminated in a short circuit and is driven by a pulse source with internal resistance
of 150 Q. The pulse has a magnitude of 100 V and duration of 6 us. Sketch the voltage at the
input to the line, v(0;t), as a function of time for 18 ps.

V0,1,V
+25 +25 Total voltage
- -I == = = Incident and
: + 1875 reflected components
|
|
| =T <1T1"""-
: ! +12.5 | 49375
I R I
I 1 +6.25 : +3.125 1563
1 | ol - ]
[N S SR N S N W S |]|,2 I e i il
1 2 3 5 6 7 8 910 11y 1314 15 16 17 :18 t, us
bFerem o ———————— -
1— 3.125 6.25
[ I el S |
— 4.69
- 125 - 9.375
__________
:—12.5
: — 18.75
1 |
| I
| E— RN E——
— 25
- 37.5

t, us

R e

. 6us t
Capacitive load termination

Assume that a lossless transmission line is terminated with a capacitive load Ci, and a DC
voltage source Vg with internal resistance Rgq is applied. When the switch is closed at t = 0, a
voltage wave of an amplitude

18
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Zy

V" =v(0;t) = >R V,,0<t<2T (6.20).

0T Ry
travels toward the load. Upon reaching the load at t = #/u =T, a reflected wave V1'(t) is produced
because of mismatch. Atz =/, forallt>T,

V(451) = v, (£) =V, +V, (1) (6.22); i, (t) = Zib/; —V, ()] (6.22);i 1) =C, % (6.23).

From (6.21), (6.22), one obtains

v () =2V —2Z, (t). (6.24)

Substituting (6.24) into (6.23) yields

dv, (t) +ivL(t) _
at  Z, Z,

The solution of (6.25) is given by

C. t>T. (6.25)

V() =2V fl—e VB L > T, (6.26)
which can be easily obtained via Laplace’s transform.
It follows that

i (t)= ZZ—le-“-”’ZOCL A>T (6.27); V, (t) =2V, [/2—e ™% | t> T (6.28)

0
7 The Smith Chart
The Smith chart is a graphical tool for calculating the characteristics of transmission lines; it is

constructed with a unit circle (radius 1), i.e., [I'| < 1. Here, assume that Zo is reall, and recall

that T =T =ZL—_§° (7.1) or =T, =[[ |e!* =T, + I} (7.2).

L + 0
To generalize for use with different Zo, the chart is “normalized” by Zo. For the load impedance

Z, , normalized impedance z. is given by z, = Z =r+ jx (7.3)

ZO
Using (7.3) in (7.1), (7.2) yields
: z, -1 . (A+T)+r
=r, =rI +j=-"t 74) or 7, =r+ jx="—-""—"1 (75
L= () o zosr s TR (09)
since AT +IM _[@+1)+jnJa-1,)+ir]
(1_Fr) - JF| (:l'_l—‘r)2 +r‘i2 ’
1-T?-T7 2,
r=———"——1— 7.6a) and Xx=——1—— 7.6b
(:I-_l—‘r)z—"_l—‘i2 ( ) " (:I'_l—‘r)z—i_l—‘i2 ( )

Rearranging terms in (7.6) yields

(rr _Lj +T7 = (ij (7.7a) and (T, —1)’ +(1"i —Ej = (lj (7.7b)
1+r X

1+r X

1 Recall that most practical transmission lines are assumed lossless or slightly lossy, where the characteristic

impedance is real.
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These represent circles with (7.7a)
centered at (r/(1+r),0) with radius 1/(1+r)
and (7.7b) centered at (1,1/x) with radius
1/x. Note also that VSWR = (1+|"|)/(1-|T"|)

is

also a circle, thus if T" is known, so is

VSWR.
Figure 9 shows some of constant r circles
and constant x circles given by (7.7).

Observations

1.

2.

S.
Ap

Short circuit (r = x = 0) corresponds to
Z. =0 and open circuit (r = x = )
corresponds to Z| = oo + joo, but short
circuit is transformed into open circuit
with ¢ = A/4 (quarter-wavelength
transformer), i.e., Zin = Zo*/Z., and
vice versa.

Complete revolution (27) around the

R

Fig. 9 : Constant r circles and constant x circles on the
Smith chart

Smith chart represents a distance of 4/2 on the line with clockwise denoting “toward the
generator (G)” and counterclockwise denoting “toward the load (L)”.

Three scales around the periphery of the Smith chart : 1 toward G, A toward L, A in degree.
Vmax at Zinmax When V*, V™ in phase and Vmin at Zinmin When V¥, V- out of phase, which are

Al4 apart.

Can also be used as admittance chart with normalized admittance, y = g + jb.

plication of Smith Chart

Example 7.1: Input impedance calculation A load impedance of 130+j90 Q terminates a 50-Q

transmission line that is .34 long. Find T'., T'(z=0), Zin, SWR.

Solution The normalized load
impedance z. = (130+j90)/50 =
2.6+j1.8. Plot this value on the Smith
chart, one can find that I'L =
0.60£21.8° and SWR = 3.98. Since the
line is .31 long, by moving the distance
BAx 4xl A=127=216°toward the
generator along the [I'|=0.60 circle, one
can find the input impedance and
reflection coefficient at the generator
t 0 b e

Zin = Zozin = 50(0.255+j0.117)
12.7+j5.8 Q and I'(z=0) = Tin
0.60.,165.8°.

Quiz 1 Repeat example 1 for a 100-Q2 transmission line.
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Example 7.2: Admittance calculation Let y, denote the normalized load admittance, then y_ =

Yz and =i Uz =1 122 pecall that T -1 =2 _1, it follows that
y+1 1/z,+1 z +1 7, +1

Nz _1 =-I'=Te/". Thus, the normalized admittance can be found by rotating the normalized

o+

impedance by 180°.

Use the previous example as an example. y. = 0.26-j0.18, thus Y. = 5.2-j3.6 mS. Then by
moving 1.2z toward the generator, one can find that yin = 3.24-j1.48, thus Yi, = 64.8-29.6 mS,
which is the reciprocal of 12.7+j5.8 Q.

Quiz 2 Suppose the input impedance is found to be 25 + j20 Q2 and the transmission line has Zo
=50 Q and is 0.36251 long. Find the load impedance.

Example 7.5: Quarter-wavelength transformer Recall that when ¢= A/4, Z, =Z2/Z, , and thus

on the Smith chart, it becomes zin = 1/z, or yin = zL. Therefore, the input impedance of the
quarter-wavelength transformer can be found by rotating z. by z. For example, the short circuit
is transformed to the open circuit and vice versa.

The quarter-wavelength transformer has one significant application in matching load
impedance Z. to a transmission line with characteristic impedance Zo. By inserting a quarter-

wavelength transformer with characteristic impedance Z, =./Z, Z, between the transmission
line and the load, the input impedance becomes Zin = Zo, thus the line is now matched.

The Slotted Line A slotted line is a transmission line configuration (usually waveguide or coax)
that allows the sampling of the electric field amplitude of a standing wave on a terminated line.
With the device, the VSWR and the distance of the first voltage minimum from the load can
be measured, and from this data the load impedance can be determined. Note that the load
impedance is generally a complex number, two distinct quantities must be measured to
determine the impedance.

Although the slotted line used to be the principal way to measure an unknown
impedance at microwave frequencies, it has been superseded by the modern vector network
analyzer in terms of accuracy, versatility and convenience. The slotted line is still of some use
in certain applications such as high-millimeter wave frequencies or where it is desired to avoid
connector mismatches by connecting the unknown load directly to the slotted line, thus
avoiding the use of imperfect transitions. Another reason for studying the slotted line is that it
provides an excellent tool for learning basic concepts of standing waves and mismatched
transmission lines.

Assume that, for a certain terminated line, the VSWR on the line and fmin, the distance

from the load to the first voltage minimum on the line, are measured. Recall that |T'| = (VSWR
- 1)/(VSWR + 1) and a voltage minimum occurs when e“"?#) = _1 where @is the phase angle
of the reflection coefficient, T' =|[Je!”. The phase angle of the reflection coefficient is then
O=r+2p80 in-
be added to fmin Without changing the reflection coefficient, i.e., =7z+28(¢

Actually, since the voltage minima repeat every A/2, any multiple of A/2 can
+ni/2).

min
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Thus, VSWR and fmin can be used to determine the reflection coefficient and the load

impedance can be determined from the reflection coefficient.
E To detector

L Probe\L SlO}ted line
k [ S SE—— —
( ) L%i ) 50 cm
LLLLLLLLLLLLLLH-LJ.LHJ-LLLLLLALJJJJ—LL‘.LLLHJ
\
\

calibrated scale

To load or short
O —

To Generator

Figure 10: A slotted line
Example 7.6 Impedance measurement with a slotted line The following two step procedure has
been carried out with a 50-Q coaxial slotted line to determine an unknown impedance:

1. A short circuit is placed at the load plane, v
resulting in a standing wave on the line with m
infinite VSWR and sharply defined voltage
minima as shown in figure (a). Voltage minima B2 3 4 s
are recorded at z=0.2, 2.2, 4.2 cm.

2. The short circuit is replaced by the unknown
load. VSWR=1.5 is measured and voltage
minima are recorded at z = 0.72, 2.72, 4.72 cm. o

Find the unknown impedance. 0 L 2 3 4 3

Solution Since the voltage minima repeat every thi

A2, 2 =4.0 cm. In addition, because the reflection coefficient and the input impedance also
repeat every A/2, we can consider the load terminals to be effectively located at any of the
voltage minima locations listed in step 1. Thus, if we say the load is at 4.2 cm, then the next
voltage minimum away from the load occurs at 2.72 cm, giving {min = 4.2 —2.72 =1.48 cm =
0.374. Therefore,
|F| _VSWR-1 _ 0.2
VSWR+1

O=r+2p0 .., =nm+2(2r)0.37 =0.487

—T'=0.2¢'%%" =0.0126 + j0.1996

The load impedance is then

Z =7, 1 47.3+ j19.7Q).

1-T

Shart
LR

I

mas

¥ ean

U'nknown
lovad

To use the Smith chart, first noticing that
the voltage minimum is located on the
horizontal axis to the left of the origin.
Thus, beginning with this point and then
moving 0.37A toward the load, we can
get zL =0.95 + j0.39 and thus Z. = 47.5
+j19.5 Q.
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